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1. Introduction 

The aim of this thesis is to define a geometric, explicitly computable 
compactification of the moduli space Vd of smooth plane curves of degree 
d > 4. The basic idea is to regard a plane curve C C as a log surface 
(P^,C). Then there is a compactification given by a moduli space of 
log surfaces {X, D) where Kx + -D is semi-log-canonical and ample, the 
log analogue of the moduli space of surfaces of general type constructed by 
Kollar and Shepherd-Barron | KSBf| . For the definitions of semi-log-canonical 

I initially tried to 
the d = A case was 



(sic) and semi- log-terminal (sit) singularities see 2.2 



compute these compactifications, with little success 
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calculated by Hassett | Has |, but as d increases the problem quickly becomes 
unmanageable . 

We consider instead the family of compactifications given by moduli 
spaces Ai2 of surfaces {X, D) where Kx + aD is sic and ample, where 
I < a < 1. Note that we require a > | so that K^2 + aC is ample. 
The compactification is simpler for lower a : roughly, the boundary has 
fewer components, fewer types of degenerate surfaces X occur. The com- 
pactification M.d we compute below can be described as the limit of M.'^ 
as a approaches | from above. However, we don't define it in this way to 
avoid technical difficulties and give a clearer presentation. is a moduli 
space of stable pairs {X,D). Passing from to Aid affords three major 
simplifications: 

(1) For (X,D) a stable pair, X is a sic del Pezzo surface, that is, —Kx 
is ample and X has sic singularities. 

(2) For {X, D) a stable pair, dKx + 3D is Cartier and linearly equivalent 
to zero. This makes many computations with stable pairs easy (e.g., 
calculating the possible sit singularities on X for [X, D) a stable pair 
of given degree d) . 

(3) For {X^T))/S a relative stable pair, both K^/s s-^id ^ ^-re Q-Cartier 
(whereas for M'^ we only know that K^/s + is Q-Cartier). In 
particular, we need only consider Q-Gorenstein deformations of X for 
(X, D) a stable pair. 

We now give a map of this thesis. In Section |^ we write down the definition 
of a stable pair of degree d, and define a moduli stack M.d of these objects. 
We prove that Aid is separated and proper using the valuative criterion and 



the relative MMP as in [ KM ]. Thus Md gives a compactification of Vd- 



We delay the discussion of some technical points until Sections H, M and 



In Sections |^ and |10| we explain the definition of an allowable family 
(<Y,P)/5 € M.d{S) of stable pairs. In particular, in Section |l^ we develop a 
theory of Q-Gorenstein deformations for sic surfaces which is of independent 



interest. We apply these results in Section |11 to prove that Al^ is a Deligne- 
Mumford stack, using the methods of Artin | Arl |. We remark that we don't 
need to appeal to Alexeev's results in order to bound the index of Kx here 
— we give an explicit bound using elementary methods. 

The aim of the remainder of this thesis is to classify stable pairs. Essen- 
tially it is enough to classify the degenerate surfaces X occurring in stable 
pairs {X,D). For, given X, the divisor D satisfies dKx + 3-D ~ and 
Kx + {1 + e)D sic for some 0<e<Cl, soDisa member of a given linear 
system with specified singularities. In Section ^ we give a rough classifica- 
tion of the surfaces X that occur. They are of 4 types A, B, C, D. Type A 
are the normal surfaces — the log terminal cases have already been classified 
by Manetti [Ma]. In Section |^ we show that the only strictly log canonical 



cases are the elliptic cones of degree 9. Type B are the nonnormal sit cases 
— they have two components meeting in a P^. We give a classification of 



these in Section 12. Types C and D are the nonnormal strictly log canonical 
cases. Type C have a degenerate cusp, type D have a Z/2Z quotient of a 
degenerate cusp, and in both cases the surface is sit outside these points. 
We remark that there is one more type of sic del Pezzo, denoted B*, which is 
irreducible, sit and has a folded double curve. However we show in Section ^ 
that a surface of type B* never admits a smoothing to P^, so does not occur 
in a stable pair. 



In Section 13, we show that if {X,D) is a stable pair of degree d where 
3 )(d then X is sit. The main point is that in the case 3 the condition 
dKx + 3D ~ shows that Kx is 3-divisible in ClX — this is a strong 
restriction on X. So X is either a Manetti surface or a surface of type B 
and we have a classification in each case. In particular, X has either 1 or 
2 components. We also show that A4d is smooth if 3 )(d using deformation 



theory developed in Sections |10| and |ll|. The case 3 | d is much more involved 



— for example if d = 6 there is an X with 18 components (see Example 16.5 ) 
Moreover A4d is not smooth if 3 )fd (see Example 16. 6| ). 



In Section 14 we give the complete classification of the X that occur in 
degrees 4 and 5, and identify the possible singularities of on X. We also 
present partial results in the degree 6 case — we give the complete list of 
surfaces of types A and B, and give a list of candidates for the surfaces of 
types C and D. We have yet to determine which of these candidates are 
smoothable. 

I'd like to thank my supervisor Alessio Corti, for invaluable guidance 
throughout the course of my PhD. Many of the new ideas contained in this 
thesis grew out of discussions with Alessio, I believe that he always had an 
excellent intuitive feel for the problem which was a great help to me. I'm 



indebted to Brendan Hassett, whose preprint of October 1998 (c.f. |Has|) 
suggested that one should consider the moduli spaces for a < 1. He also 
provides an outline of the Q-Gorenstein deformation theory of sic surfaces 
set out in Section Finally, I'd like to thank Tom Fisher, Jan Wierzba 
and Nick Shepherd-Barron for various helpful conversations. 

2. Definition of the compactification 

We compactify the space of smooth plane curves Vd of degree d > 4. Here 
Vd = Ud/ AutF^, where Ud is the open subscheme of the Hilbert scheme of 
curves of degree d in P^ corresponding to smooth curves. We do this by 
constructing a moduli stack A4d of stable pairs {X, D) as defined below. We 



use the relative MMP, see [ KM ] for details. We always work over 



Notation 2.1. Let T denote the spectrum of a DVR, r] the generic point, 
and ry the geometric generic point. If G S" is a local scheme, we use script 
letters to denote flat families over S and normal letters to denote the special 
fibres. We say {X,'D)/S is a family of pairs over S" if is a flat family 



of CM reduced surfaces and D is a relative Weil divisor on X /S. For the 
definition of a relative Weil divisor, see Section ^. 

Definition 2.2. Let X be a proper connected surface. Let D be an effec- 
tive Q-divisor on X. The pair {X,D) (or Kx + D) is semi-log- canonical 
(respectively semi-log-terminal) if 

(1) X is Cohen-Macaulay and normal crossing in codimension 1. 



(2) Kx + D\s Q-Cartier. 



(3) Let v: — > X be the normalisation of X. Let A be the double 
curve of X and write A"^, for the inverse images on X'^ . Then 
Kx'^ + A'^ + is log canonical (respectively log terminal). 
We use the abbreviations sic and sit for semi-log-canonical and semi-log- 
terminal. 



Remark 2.3. Note Kx- + A" + D" = v*{Kx + D). 



Definition 2.4. Let X be a proper connected surface over an algebraically 
closed field k. Let D be an effective Weil divisor on X. Let d G N, d > 4. 
We say that {X, D) is a semistahle pair of degree d if 

(1) X \s normal and log terminal. 

(2) Kx + Id is sic. 

(3) dKx + 31) ~ 0, and moreover ^Kx + ~ if 3 | d. 

(4) There exists a smoothing {X,V)/T of {X,D)/k such that Xfj ^ P? 
and Kx and "D are Q-Cartier. 



Remark 2.5. We write '~' to denote linear equivalence of Weil divisors (not 
Q-divisors). Thus if i? ~ then in particular B is Cartier. This will be 
important later in the proof of Theorem |2.11 . We use '=' to denote the 



weaker notion of numerical equivalence (of Q-Cartier Q-divisors). 



Remark 2.6. If {X, D) is a semistable pair, X is a normal degeneration of 
with log terminal singularities. These have been classified by Manetti 



[Ma]. In particular, X is projective and —Kx is ample. 



Theorem 2.7. T, rj as in Notation 2A. Let Dri C F'i be a smooth curve 



of degree d defined over rj. Then there exists a base change T' ^ T and a 
family {X,'D)/T' of semistable pairs completing (P^/,I?^') such that Kx and 
V are Q-Cartier. 



We give the proof of the Theorem at the end of this section. 
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Definition 2.8. Let X be a proper connected surface over an algebraically 
closed field k. Let D be an effective Weil divisor on X. Let d € N, (i > 4. 
{X, D) \s a stable pair of degree d if 

(1) There exists e > such that Kx + (3 + is sic and ample. 

(2) dKx + 3D ~ 0, and moreover ^Kx + ~ if 3 | d. 

(3) There exists a smoothing {X,V)/T of {X,D)/k such that Xfj ^ P?, 
and Kx and 2? are Q-Cartier. 

Remark 2.9. Note that (1) and (2) imply that —Kx is ample. This is the 
main reason that stable pairs are easy to classify. 

Theorem 2.10. LefDrj C &e a smooth curve of degree d. Then there ex- 
ists a base change T' ^ T and a family [X,'D)/T' of stable pairs completing 
(p2,,D^,) such that Kx and V are Q-C artier. 

We give the proof of the Theorem at the end of this section. 

Theorem 2.11. For each d there exists G N such that for every stable 
pair {X, D) of degree d, NKx is Cartier. 

Remark 2.12. It follows by general theory that stable pairs of degree d are 



bounded for each d, see the proof of Theorem 11.25 



Notation 2.13. Let N{d) denote the least such N for each d. 

Definition 2.14. Let {X, D) / S be a family of stable pairs of degree d. That 
is, X is flat over S, T) is an effective relative Weil divisor on X /S, and for 
every geometric point s of S, the fibre (A:'^, is a stable pair of degree d. 

We say that {X,'D)/S is an allowable family if wj^'^^ and C;f (P)!*! commute 
with base change for all i € Z. 

Remark 2.15. The theory of the conditions ^^^^/s ^"^^ commute 
with base change' is developed in detail in Sections |^ and |lO[ In particular 
Kx/s aiid V are Q-Cartier since Kx^ and are Q-Cartier for each closed 



point s € 5, using Lemma 8.22. Moreover, if S is the spectrum of a DVR, 



with generic point r/, and is canonical, then {X,'D)/S is allowable iff 



Kx/s and T> are Q-Cartier by Proposition 11.7. We shall only require this 
case below. 



Definition 2.16. Let {X,D)/k be a stable pair of degree d. 

Let [X^ ,T)^) ^ (0 G Dq) be a versal allowable deformation of the pair 
(X, D)/k, where Dq is of finite type over k (we prove the existence of such 
a deformation in Section |l|). Let Di C Dq be the open subscheme where 
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the geometric fibres of / Dq are isomorphic to P^. Let D2 be the scheme 
theoretic closure of Di in Dq. 

An allowable deformation of {X, D) is smoothable if it is obtained by 
pullback from the deformation x D2 ^ {0 G D2). 



Remark 2.17. Example 16. 6| and Example |1 6. 7 describe two examples of this 



construction. Given the smoothability assumption for stable pairs {X, D) /k, 
we require the relative smoothability assumption for families {X,T>)/S of 
stable pairs in order to obtain an algebraic stack of stable pairs (c.f. Exam- 
ple [IG^). 



Definition 2.18. Let {X,T))/S be an allowable family of stable pairs of 
degree d. {X,'D)/S is a smoothable family if for every geometric point s £ S 
the induced deformation of {XsjVs) is smoothable. 

Notation 2.19. Let Sch be the category of noetherian schemes over C. 



Md{S) = {X,V)/S 



Definition 2.20. We define a groupoid Sch as follows: 

{X,'D)/S is an allowable smoothable family 
of stable pairs of degree d 

Theorem 2.21. Md is a separated and proper Deligne-Mumford stack. 
Thus Add gives a compactification Vd ^ M.d- The proof that Aid is 



a Deligne-Mumford stack is given in Section 11. We prove that Aid is 



separated and proper in Theorems 2.24 and 2.27 below. We first give the 



proof of Theorem 2.11|. In fact we prove the following more precise result. 



Theorem 2.22. Let {X, D) he a stable pair of degree d. Then for all P £ X , 

2d 
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indexpKx ^ d if3)fd and indexp(Kx) < ^ if3\d. 



Proof Kx + (i + e)-C is sic and Kx is Q-Cartier by Definiton (1) and 
(2). Thus X is sic, and D = at the strictly sic singularities of X. Now 
dKx + 3Z) ~ and moreover ^Kx + -D ~ if 3 | d, so the bound is clear 
at stricly sic points of X . Since X has a Q-Gorenstein smoothing, the sit 
singularities are of 3 types (compare Theorem 3.12| ): 

(1) X ^ ^(l,na - 1) where (a,n) = 1. 

(2) X ^ (xy = 0) C kly^Jl{l,-l,a) where (a,r) = 1. 

(3) X^{x^ = zy'') C kly^,. 

We have indexp Kx = n, r, and 1 in cases 1,2, and 3. We now use the two 
properties Kx + (3 + c)-^ is sic and dKx + 3D is Cartier to bound n and r 
in cases (1) and (2). 



In case (1), we first remark that k = 1 and 3 /n by Lemma 7A, using 



the fact that X smoothes to P^. Consider the local smooth cover A^ ,^ 
A^ y/;^(l,no — 1) oi X at P, let D denote the inverse image of D, say 
P ^ P. Then multp(Z)) < ¥ since Kx + (f + is log canonical at P. 



Let (/(x, y) = 0) be the local equation of £) at P and x^y^ G / be a monomial 
of minimal multiplicity. Then i + j < and i + {na — l)j = |na mod n^, 
using dKx +3D Cartier and 3 /n. Thus in particular i = j mod n. Suppose 
n > then i = j, and j < |, j = | mod n. It follows that if 3 we have 
n < d, and if 3 | (i we have n < |. This proves the bounds in case (1). 

In case (2), let Y be the local analytic component ^/^(l, o) of X at P, 
let C C y be the double curve, Dy = D |y. Then Ky + C + + e)Dy is 
log canonical at P. Let Y be the smooth cover ^ ^ z/f (1; ^) of 1^, let 
C, Dy denote the inverse images of C, Dy. By adjunction K^ + (| + e)Z)y |^ 
is log canonical, equivalently (|+e)Z)y is reduced. Write Dy = {f{x, z) = 
0). Then Dy (/(O,^) = 0) = (z'^ + • • • = 0) C A^ where A; < f . We 
have 3k = d mod r (respectively ^ = f mod r) if 3 )(d (respectively 3 | d), 
using dKx + 3D Cartier (respectively ^Kx + D Cartier). It follows that 
r < d if 3 Id, r < I if 3 I d. □ 

We next show that Ma separated. This is almost immediate from 
the general theory of moduli of surfaces. I've included my own proof of a 
foundational result (Lemma 2.25| ) because I could not find a proof in the 
literature. 

Definition 2.23. Let X/T be a normal variety, flat over T. Let D C X he 
an effective Weil divisor, flat over T. Let X ^ X he a projective resolution 
of X, write P for the strict transform of V. Assume that the exceptional 
locus is a divisor, write £ for the sum of the exceptional divisors dominating 
T. We say {X ,V + £) —>■ {X,T)) is a semistable log-resolution of {X,'D)/T 
if X is reduced and X L) £ U Supp(P) is a simple normal crossing divisor. 

Theorem 2.24. Md is separated 

Proof. We use the valuative criterion. So, suppose we are given {X^ ,'D^)/T 
and {X^,V'^)/T in Md such that {X^,V^\ ^ {X'^,V'^)^. We need to show 
that {X^,D'^) ^ {X'^,D'^). Note that we may assume that Xi ^ P? and Vj^ 
is smooth for i = 1 and 2, since the open subset of Md of pairs {X, D) where 
X = and D is smooth is dense. After base change, we may assume that 

■yi ~ m2 

Possibly after base change, we can construct a common semistable log 
resolution {X ,1)) of {X'^,'D^)/T and {X'^,V'^)/T that is an isomorphism 
over T]. We now claim that we can reconstruct the two families as the 
+ X + {I + e)V canonical model of {X,V)/T for < e < 1. So 
{X^,V^) ^ (^"2,^2) {X\D^) ^ (X2,D2) required. To prove the 
claim, we just need to verify that Kp^i + X* + (| + e)!?* is log canonical and 
relatively ample for i = 1,2. We can check ampleness on the central fibre. 
We have K;^^ +X' + {^ + e)V' \xi= Kxi + (i + e)-D* by adjunction. This is 
ample since Kxi + (^ + e*)/^* is ample for some e* > and Kxi + = 0. 
Now, Kxi + (4 + e*)D* is sic for some e' > by the definition of M-d^ and the 



same is true for e < e*. It follows that K^i + X* + (| + e)P* is log canonical 
by Lemma 2.25. This completes the proof. □ 



Lemma 2.25. Let X /T he a flat family of surfaces, B d X a Q-divisor that 
is flat over T . Suppose X^^ is normal and Kx + B is Q-Cartier. Suppose 
also that {X,B)/T admits a semistable log-resolution. Then {X,X + B) is 
log canonical iff (X, B) is sic. 

Proof. If {X, X + B) is log canonical, then trivially (X, B) is sic by adjunc- 
tion. We now prove the converse. We may work locally ai P £ X. 

Take a semistable log resolution {X, B+£) /T of {X, B) /T. Let {X , B+ £) /T 
be the + B + £ canonical model over {X., B). Then / : {X, B + £) ^ 
{X, B) is an isomorphism over the locus where {X, X + B) is log canonical. 
{X, X + B) is log canonical at any codimension 1 point of X. For the impli- 
cation {X, B) sic =r- {X, X + B) log canonical is easy in the case dimX = 1. 
So no exceptional divisor of / has centre a codimension 1 point of X. Now 
let V be the normalisation of a component of X, Ay the inverse image of 
the double curve of X on V , and By = B \v. Let W be the normalisation 
of the strict transform of this component in X, /S.\\r the inverse image of the 
double curve of X on VF, Bw = B \w and Ew = £ \wr. Write g : W ^ V 
for the induced map. We have 

Kw + A'y + B'v = g*{Kv + Ay + Sy) + ^ a^F^, 

where the primes denote strict transforms and the Fi are the (7-exceptional 
divisors. Then a, > —1 for all i because {X,B) is sic. Now (7^(Avi/ + Bw + 
E\y) = Ay -|- By since there are no /-exceptional divisors with centre a 
codimension 1 point of X. So, we have 

Kj^ + B + £ \w= Kw + ^w + Bw + Ew = g*{Kv + Ay + 5y) + ^ biFi, 

where 6j < for all i since K.^ + B + £ is relatively ample. If Fj C A\y + Ew 
for some j, we have bj > ■ + 1 > 0, a contradiction. So, in particular, for 
each component Xi of X, with strict transform X'- in X, the map X'- Xi 
does not contract any component of the double curve of X on X[. It follows 
that there are no /-exceptional divisors over € T (recall that every such 
divisor has centre P). Moreover, for each component Xi of X, £ \x'= 0. 
Hence f" = 0, so / has no exceptional divisors. Then + J3 = f*{Kx + B) 
and + B /-ample implies / is an isomorphism, so {X, X + B) is log 
canonical as required. □ 



Remark 2.26. The Lemma above is similar to []KSB |, p. 325, Theorem 5.1(a). 
This is an inversion of adjunction type result (compare p<!M |, p. 174, The- 
orem 5.50), but we can't use the general theorem to prove our Lemma. 



We now give the proof that A4d is proper. The main steps of the argu- 



ment are in Theorem 2.7 and Theorem 2.1C. These theorems motivate the 



definition of a stable pair above. 

Proof of theorem First complete (P^,Pr,) to a family {F'^,'D')/T. Pos- 



sibly after base change (which we suppress in our notation) we can take a 
semistable log-resolution {X,'D)/T of {F'^,'D')/T which is an isomorphism 
over r]. Then + X + is dlt. Run a K.j^ + MMP over T. Let 
{X,T))/T be the end product. Then ET^ + must be relatively nef, since 
it is zero on the generic fibre. Now it follows that dK^ + 'i'D ~ 0. For we can 
write dK.^ + 3P ~ ^OjXj, where the Xi are the components of X, since 
dK^ + 3P is zero on the generic fibre. Without loss of generality we may 
assume oi = and Oj < for i > 1, using the relation ^ Xj ~ 0. Restricting 
to Xi, we see that K-j^ + |P relatively nef implies that a, = for all i such 
that n Xi 7^ 0. Since X is connected, repeating the argument we obtain 
Oj = for all i, so dK-^ + 3T> ~ as claimed. Compare Lemma ^.4| , (1). 
We have K^ + X + ^i* dlt and X is Q-factorial, so Kj^ + X is dlt. We now 
run a MMP over T and let {X, V)/T be the end product. Then X/T is 
a del Pezzo fibration, since the generic fibre is a del Pezzo surface (namely 
P^). Now, p{X /T) = 1 and X Q-factorial gives X irreducible — for we have 
an exact sequence 



by Lemma 5.4, where the Xi are the irreducible components of X. The dlt 



property of Kx + X now gives that X is normal and log terminal. Since 
K-^ + X + lV \sd\i and dK.^ + 2,V r^{), we have Kx + X + \V log canonical 
and dKx + 'i'D ~ 0. We obtain Kx + |-D is log canonical and dKx + 'iD ~ 
by adjunction. The sharpening in the case 3 | d is clear. Finally, since Kx 
is Q-Cartier and dKx ~ 0, P is Q-Cartier. □ 



Proof of theorem First complete (P^,I^r,) to a family {X\V')/T. By 

Theorem 2.7 and its proof, we may assume that Kx' + X' + f P' is log 



canonical, and dKx' + 31?' ~ 0. 

After base change, take a semistable log resolution [X ,T)) — > {X',T>') 
which is an isomorphism over rj. Now run a K^ + {1 + e)V MMP over 
{X\T)'). Here < e <C 1 is chosen such that for F an exceptional divisor 
oiX ^ X, if a{F, X' , X' (| + e)V') < -1 then a{F, X' , X' + ^V) = -1. 
Let /: {X^V) {X',T)') be the end product. By the choice of e, we have 
dK^ + 3P = f*{dKx' + 3V') ~ 0. 

Now take the K^-|-(|-|-e)P canonical model over T, denote this {X, V) /T. 
Then Kx + X -|- (| -|- e)T> is log canonical and relatively ample over T, and 
dKx + 3^ ~ since dK^ ~ 0. We obtain + (f + e)-D is sic and 

ample and dKx + 31) ~ by adjunction. The sharpening in the case 3 | d 
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is obvious. Finally since dKx + ~ and Kx + {2 + is Q-Cartier, 
Kx and T) are Q-Cartier. □ 



Theorem 2.27. M.^ is proper 

Proof. We use the valuative criterion of properness. Taking (A'^,2?,j)/ry € 
Md, we need to show that, possibly after base change, there exists an ex- 
tension {X,'D)/T € Add- We may assume that = and is smooth 



as in the proof of separatedness above. Applying Theorem 2.1C we obtain 



our result. □ 

3. A COARSE CLASSIFICATION OF THE DEGENERATE SURFACES 

We now work towards a classification of the surfaces X that occur in 
stable pairs {X,D). We collect the relevant results from the above in the 
proposition below. 

Proposition 3.1. Let {X,D) be a stable pair. Then —Kx is ample, X is 
sic, and X admits a Q-Gorenstein smoothing. 



Proof. —Kx is ample by Definition |2.8| , (1) and (2). There exists a Q- 
Gorenstein smoothing {X,'D)/T of {X,D) by Definition (3). Finally, 
Kx + (| + is sic, and Kx is Q-Cartier, so X is sic. □ 

Notation 3.2. Let X be a surface with normal crossing singularities in 
codimension 1. Let A C X denote the double curve of X. Write X = [jXi 
for the decomposition of X into its irreducible components. Let Aj = AnXj. 
Let I' : X'^ ^ X be the normalisation of X. Write A'^ for the inverse image 
of A. Then (X'^, A^) = U{X^,A'^), where X^ Xi is the normalisation 
and A^ is the inverse image of Aj. 

First we give a rough classification of the components {X^ , A^). Then we 
describe how to glue these components together to recover X. 

Theorem 3.3. (" |KA1 pll9 Theorem 4.15) 

Let (0 G Y, C) be a log canonical pair, where Y is a surface and C is an 
effective Weil divisor. Assume C 7^ 0. Then we have the following cases: 

(a) (A2 ,/l(l,a),(x = 0)), (a,r)=l. 

(b) {Aly/}{l,a),{xy = ^)), (a,r)=l. 

(c) (A^ a), (xy = 0))//i2, (0',f)=l, where the jj.2-action is etale in 
codimension 1 and interchanges (x = 0) and (y = 0). 

Notation 3.4. We wih denote cases (a), (b) and (c) by (^(1, a). A), (i(l,a),2A) 
and {D, A) respectively. The D stands for dihedral — these singularities 
generalise the dihedral Du Val singularities. 



Theorem 3.5. Let {Y,C) be a proper log canonical pair with -{Ky + C) 
ample. Then {Y, C) belongs to one of the following types: 
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(I) : C = 0. 

Then Y has at most one strictly log canonical singularity. 

(II) : C ^ and (Y,C) log terminal. 

Then {Y,C) has singularities (p-(l,aj), A) at C, with ^(1 — p-) < 2. 

(III) : C = UP^, where the two components intersect in a node of C. 
Then {Y,C) has a singularity of type (i(l,a),2A) at the node of C , 
and at most one other singularity of type (i(l,a), A) on each compo- 
nent of C . Moreover Y has log terminal singularities away from C . 

(IV) : C ^ Pi and {Y, C) has a singularity of type {D, A). 

Then {Y,C) has at most one other singularity of type (^(l,a), A) at 
C and Y has log terminal singularities away from C. 

To prove the theorem, we need the connectedness theorem of Shokurov: 



Theorem 3.6. ( WM P^U Corollary 5.49) 
Let X he a normal, proper variety, B C X a Weil divisor, and suppose 
that —{Kx + B) is nef. Then the locus of log canonical singularities, i.e., 
|J{centrex -E} taken over all E with discrepancy a{E,X,B) < —1, is con- 
nected. 



Proof of Theorem 3.1. First, by Theorem p.6| , either C = and there is at 
most one strictly log canonical singularity on y, or C 7^ 0, C is connected, 
and Y is log terminal away from C. Now let F be a component of C. We 
have —{Ky + C) is ample, so {Ky + C)T < 0. Expanding the left hand side, 

2paiT) - 2 + (C7 - r)r + Diff (r, y) < o. 

Now [C - r)r > and Diff(r,y) > O, thus Pair) = O, r ^ P\ and 
(C - r)r + Diff (r, Y) < 2. We know that (Y, C) is log canonical, so we have 
the classification given in Theorem |3.3| of the singularities of (Y, C) at C. 
We calculate that each point of type (a), (b), (c) on F contributes 1 — 7, 1, 
1 to (C — F)F + Diff (F, Y) respectively. The theorem now follows easily. □ 

We now want to give the classification of the surfaces X, by glueing 
together components as above. We first state the classification of nonnormal 
sic surface singularities. 

Notation 3.7. A'' ^ A is 2-to-l. Let F C A be a component, write F'" 
for the inverse image in A^. Then either F^ has two components mapping 
birationally to F, or F'^ has one component mapping 2-to-l to F. In the 
latter case we say F C A is obtained by folding F^ C A'". If we are working 
locally at Q € X and we are in the latter case, let P ^ Q. We say is 
pinched at P. 



Theorem 3.8. (see |KSB|] , Section 4) 

Let & X be a sic singularity, assume that X is non-normal. Then we 
have the following cases: 
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(1) {xy = 0) C Aly^Jl{a,b,l), where (a,r) = (5,r) = 1. 

(2) (xy = 0) C K^^y^^/^r, where, for Q a generator of fj,r, we have 
X I— > y X, z 1-^ Qz, and 4 | r, (a, r) = 2. 

(3) (x^ = zy"^) C A^ j^ ,2/i(l + a, a, 2) w/iere r odd, {a,r) = 1. 

(4) € X is a degenerate cusp: X = IJXj, with (0 G X^!^, AJ') o/ type 
(^(l,a),2A), glued to X^_^ along one component of A'^ and X^^-^^ 
along the other component, so that we have a cycle of components. 



(5) G X is a fi2- Quotient of a degenerate cusp: X = Xi U • • • U X^, 
where for 2 < i < k - I, (0 G Xf , A"^) is of type (i(l, a), 2A) and is 
glued to Xi^i along one component of A^ and Xj+i along the other 
component. 

For i = 1 or k there are two cases. Either (0 G X'^, A^) is of type 
(D,A) and X^ is glued to X2 along the single component 0/ A^. Or 
(0 G X'{,A'() is of type (i(l,a),2A), Xf is glued to X^ along one 
component of A\ and the other component is pinched at 0. Similarly 
for i = k. So we have a chain of components. 



Remark 3.9. (see | KSB |, p. 326, Remark 5.2) The following cases admit a 
Q-Gorenstein smoothing: 

(1) a + 6 = mod r. 

(2) None. 

(3) r = 1. 

(4) All. 

(5) Unknown. 



Theorem 3.10. Let X he a sic proper surface with —Kx ample. Then X 



belongs to one of the following types (we use the notation of Theorem 3J. to 
describe the components): 

(A) : X normal. 

{X, 0) is a surface of type I. 

(B) : X = X1UX2, sit. 

(Xi, Ai), (X2, A2) are surfaces of type II, glued along A = P-*^. 
(B*): X irreducible, non-normal, sit. 

(X^, A'^) is a surface of type II, X is formed by folding A'^ . 

(C) : X has a degenerate cusp. 

X is a union of components of type III which are glued together to 
form a cycle. More precisely, X = IjXj, where X^ is glued to X^_^ 
and X^j^-y^ along the two components of A" for all i, in such a way that 
the nodes of the curves A^ all coincide — this point is the degenerate 
cusp. 
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(D): X has a ^2 quotient of a degenerate cusp. 

X has some components of type III glued together to form a chain. 
At each end we glue on either a component of type IV or a component 
of type III with one component of C folded. The nodes of the curves 
AJ' and the dihedral singularities on the components of type IV all 
coincide — this point is the fj,2- Quotient of a degenerate cusp. 
Here, the singularities of type (^(a, 1),A) on {X^,/\^) are glued together 
together in pairs ^(a, 1) and j,{b, 1) to give a singularity of type {xy = 0) C 
Ha,b,l) onX. 



Proof of theorem 3.1C . The classification in the Theorem is immediate from 
the classification of the components {X^, A^) in Theorem 3^ using the clas- 



sification of sic singularities in Theorem □ 

Remark 3.11. We remark that a surface of type B* does not admit a Q- 
Gorenstein smoothing to — see Theorem 3.1. 



Theorem 3.12. Notation as in theorem 3.1(\ 



If X admits a Q-Gorenstein smoothing, we have the following additional 
conditions: 

(1) The normal, log terminal singularities of X are cyclic quotient singu- 
larities of the form -^{Ijdna — 1). 

(2) The singularities of type (^(a, 1),A) on (X'',A'^) are glued together 
together in pairs ^{a,l) and i(— a,l) to give a singularity of type 
{xy = 0) C i(a, -a, 1) on X. 

(3) IfV C A" is pinched at P, then either {P G X^^A") is of type 
(i(l, a), 2A) or P (^X"" is smooth. 

Proof. (1) is the well known classification of smoothable log terminal surface 
singularities ( |KSB |, p. 313 Propn 3.10). Conditions (2) and (3) follow from 



Remark ^ □ 
Remark 3.13. If X admits a Q-Gorenstein smoothing to P^, then in (1) we 



have d = 1 and 3 /n. See Lemma 7.4 



4. Rationality of the components of X 

In this section we prove that all the components of X are rational unless 
X is an elliptic cone. 

Notation 4.1. Let X be a sic proper surface with —Kx ample. Let {Y, C) C 
{X'^ ,A^) be a component. Let Ti:Y^Yhe the minimal resolution of Y. 
Write Ky + C = 'k*{Ky + C), where vr^C = C. Let ^: F ^ F be a minimal 
model of Y . Note that Y is birationally ruled (see below), so Y is either 
ruled or P^. Write C = (t)^C. 
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Proposition 4.2. Notation as above. 

(1) C is an effective Q-divisor with components of multiplicity < 1. 

(2) —{Ky + C) is nef and big, and is zero exactly on Exctt. 

(3) —{Ky + C) is nef and big. 

Proof Write Ky + C = tt*{Ky + C) + Y.aiEi where the Ei are the ex- 
ceptional divisors of vr, and C is the strict transform of C. Then C = 
C' -\-'Y^{—ai)Ei. Here Oj > —1 for all i since (y, C) is log canonical, vr is min- 
imal, so Ky is vr-nef, hence also Ky+C is vr-nef. It follows that < for all 
i. This proves (1). (2) is immediate since Ky+C = 7r*(ify+C) by definition 
and — {Ky + C) is ample. (3) now follows since {Ky + C) = (p-^^Ky + C) □ 



Theorem 4.3. Either Y is rational, or Y is an elliptic cone and X = Y . 

Proof. First, we claim Y is birationally ruled. For —{Ky + C) is nef and 
big, so h^{n{Ky + C)) = for all n > 0. C is effective, so /i°(ni^y) = for 
all n > 0. It follows that Y is birationally ruled. We may assume that Y is 
not rational. Then Y is ruled over a curve of positive genus, let Y ^ B be 
a ruling and let p denote the composite p : Y ^ Y ^ B. 

Suppose that there is no horizontal component of C. Thus C c 1^ is a 
sum of fibres. Now —{Ky + C) nef and big implies that —Ky is nef and 
big. Then h^{Oy) = h^{Ky) = by Serre duality and Kodaira vanishing, a 
contradiction. 

Thus there is an irrational component of SuppC C C" U Exc(7r). By 



Theorem 3.5 we know that C has only rational components, so by the clas- 
sification of log canonical singularities it follows that Y has a simple elliptic 
singularity. Let E denote the 7r-exceptional elliptic curve on Y. Then E 
has multiplicity 1 in C and E is horizontal. Now —{Ky + C) is big so 
-{Ky + C).f > for / a fibre of the ruling, thus E ■ f = 1, E is a section. 
Next we claim that Y is in fact ruled. Suppose not, then there exists a de- 
generate fibre. Let ^ be a component meeting E. Then A is not contained 
in SuppC. We have {Ky + C) ■ A < 0, with equality iff A is contracted by 
vr. But also 

{Ky + C)-A>Ky-A + E-A> -1 + 1 = 0, 

with equality only if A is a —1 curve. Thus A is a —1 curve and is contracted 
by vr, a contradiction since vr is minimal. So Y is ruled over an elliptic curve. 
Y is obtained from Y by contracting the negative section and so Y is an 
elliptic cone. Finally C = by Shokurov's connectedness theorem (compare 



Theorem 3.5) so X = Y. □ 
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5. Bounding p of the components of X 



We prove bounds on the values piY) for Y a component of X, 
the existence of a smoothing to P^. 



We use these in Theorem 7.1 



usmg 
and 



Theorem |12.1| to give necessary and sufficient conditions for surfaces of types 
A and B to be smoothable to P^. For types C and D we do not have necessary 
and sufficient criteria for smoothabihty as yet. However the bounds we 
give here substantially simplify the explicit calculations we do for d = 6 in 
Section |l^ (note types C and D only occur if 3 | d — see Theorem 13.11) . 

Theorem 5.1. Let X he a sic proper surface with —Kx ample, and X /T 
a smoothing with Xri — IP-^- 

(1) piX^) <V + E, with equality only if X is Q-factorial. 

Here V = number of components of X and E = number of components of 
A, not counting components obtained by folding a component of iSy . 

(2) IfXi n{X- Xi) ^ pi, ) < 2. 

(3) IfXi n{X - Xi) ^ pi U pi, < 4. 



Corollary 5.2. Let X be a sic proper surface with —Kx ample, and X /T 
a Q-Gorenstein smoothing with Af^ — 



In the cases enumerated in Theorem 3.1C , we have the following bounds for 

(A) : p{X) = 1. 

(B) : Either p{Xi) = p{X2) = I, or {p{Xi) , p{X2)} = {1,2} and X is 
Q-factorial. 

(C) : p{Xi) < 4 for all i, and p{Xi) < 2V , equal only if X is Q- 
factorial. 

(D) : p{Xi) < 3 for Xi a middle component, p{X^) < 2 for Xi an end 
component, and Yl Pi-^i) — ~ 1' equal only if X is Q-factorial. 

Remark 5.3. Case B* does not occur by Theorem |6.1| . 

Lemma 5.4. Let X be a proper surface, normal crossing in codimension 1, 
and X /T a smoothing with X^j = P^ . 

(1) We have an exact sequence 

(2) Assume in addition that X is projective. Then Pic(A:') ®i Q N'^{X) 
is an isomorphism. 

Proof. (1) Certainly 

®^^'' C\{X) ^ C1(P2) ^ 



is exact, so we just need to show the first map is injective. Suppose ^ OiXi ~ 
0, then using '^Xi 0, we can replace this with a relation ^ hiXi ~ 0, 
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where, without loss of generahty, 61 = and bi > for i > 1. Then 
\xi is effective and hnearly equivalent to 0. So \xi= 

since Xi is proper. Thus bi = for all i such that Xi n Xj 7^ 0. Since X is 
connected, repeating the argument we obtain 6j = for all i, as required. 
(2) Suppose V IS a Cartier divisor which is numerically equivalent to 0. Then 
Dri ~ 0, thus V ~ ^ajXj, some a,. Now a similar argument to the above 
shows I? ~ as required. □ 

Lemma 5.5. Let X be a sic proper surface with —Kx ample, and X jT a 
smoothing with — 



(1) Ni{X) Ni{X) and N^{X) N^{X) are isomorphisms. 

(2) A^i(A) ^ iVi(X'^) ^ Ni{X) ^ is exact. 
Dually, iVi(A) ^ N^iX") ^ N'^{X) ^ is exact. 

Here A^i(A) Ni{X'^) is defined as follows: if T is a component of A 
obtained by identifying two components Ti C Xj and T2 C Xjl of A'^ , we 
have [r] 1-^ (0,... , 0, [Fi], 0, . . . , 0, — [r2], 0, . . . ,0), where we're using the 
decomposition Ni{X'^) = (BiNi{X^), and the nonzero entries are in the jth 
and kth positions. IfT is a component of A obtained by folding a component 
of A", then [T]^0. 

Proof. (1) First we show that PicAf PicX is an isomorphism. From the 
exponential sequence for X we obtain the long exact cohomology sequence 

> H\Ox) PicX ^ H'^{X,Z) H^{Ox) ^ ■■■ 

We have h'^{Ox) = h^{Kx) by Serre duality. Thus h'^{Ox) = since 
—Kx is ample. Now x{^x) = x(C'p2) = 1 gives h^{Ox) = 0. So we 
obtain that PicX — > H'^{X,'L) is an isomorphism. Now, since h^{Ox) = 



h'^{Ox) = 0, cohomology and base change ([ Har |, p. 290, Theorem 12.11) 
gives R^f^Ox = R^f^Ox = 0, thus h^{Ox) = h^iOx) = since T is affine. 
Using the exponential sequence for X we obtain that Pic A:" — > H'^{X.,'L) is 
an isomorphism. Finally, H'^{X,'L) — > Z) is an isomorphism since X 

is a homotopy retract of Af , so Pic X Pic X is an isomorphism as claimed. 

Now, since Pic X — > PicX is surjective, N^{X) — > N^(X) is surjective and 
Ni{X) Ni{X) is injective. But Ni{X) — > Ni(X) is clearly surjective since 
X is the only closed fibre of X/T. Hence Ni{X) Ni{X) and N\X) 
N^{X) are isomorphisms. 

(2) First, we show that we have isomorphisms N^{X'^) = H'^{X'',Q), 
N\X) ^ H^{X,Q) and dually iVi(X'^) = /^2(X^Q), iVi(X) ^ H2{X,q). 

Well, first from the proof of (1) above we have Pic C^^Q ^ H'^{X, Q), and 
by Lemma |5j(2) we have Pic A' 0z Q ^ N^W, so we obtain N^{X) ^ 
H'^iX, Q). This gives N\X) ^ H^{X, Q). For X" , let be a component, 
let aj : — > X^ be a resolution. We may assume that X is not normal, 
otherwise we are done by the above. Then X^ is rational by Theorem |4.3| . 
Thus Pic(Xi) ®z Q ^ N^{Xi), it follows that Pic(Xf) ®z Q ^ N^{X^)- 
We have H^iOx-) = H^{Ox-) = 0. For h^{Ox-) = h^{Kx-) = since 
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— {Kx^ + A^) is ample, and H^{Ox^) = since Xi is rational (using 
Leray). So Fic{Xy) ®i Q ^ H'^{X^,^) using the exponential sequence. 

Thus N^{X'') ^ H^{X'',q) as desired. 
It remains to show that 

H2{A) ^ H^iX") ^ H2{X) ^ 

is exact, where the map H2{A) — > H2{X^) is as in the statement of the 
lemma, and we work with Q coefficients. We use the Mayer- Vietoris se- 
quence inductively here, separating off one component at a time. 

First we separate the double curves F C A where the two branches of X 
at F belong to the same component. In this case, X is homotopy equiv- 
alent to X' U L, where X' is X with the two branches at F separated, L 
is Specpi(C'pi © C'pi(— 1)), and X' and L are glued along F'^ C X' , where 
F*^ L is obtained using the 2-to-l map F'^ — > F. Note that F*^ — > F is 
either (a) P\ 2-to-l, or (b) U ^ P^ where the two components 

are joined at a node and each maps isomorphically onto F. Then 

H2{T^) ^ H2{X') © H2{L) ^ H2{X) ^ 

is exact, using HiiV^) = 0. In case (a) we have 

Q ^ H2{X')(S)<q ^ H2{X) ^ 
1 ^ ([Fl,-2) 

thus H2{X') H2{X) is an isomorphism. In case (b), writing F'^ = F^UFj, 
we have 

Q®2 ^ H2{X')<S)Q ^ H2{X) ^ 
(1,0) ^ ([F'^],-l) 
(0,1) ^ ([F^],-l) 

thus 

Q ^ H2{X') ^ H2{X) ^ 

1 ^ m]-[ri^]) 

is exact. Next we separate the components of X. Let Xi be a component 
(assumed normal), and write X = Xi U X' , Ai = Xi fl X' . Then 

H2{Ai) ^ H2{Xi) © H2{X') ^ H2iX) ^ 

is exact, using Hi{Ai) = (recall Ai is either P^ or P"*^ UP"*^). Now, using 
these steps repeatedly, we obtain our result. 

□ 



Proof of Theorem |5. J| . (1) We have 

iVi(A) ^ NiiX") Ni{X) 

exact, where [F] G A'^i(A) maps to zero if F C A is obtained by folding 
F'^ C A". Now Ni{X) ^ iV^(X)V, 

N\X) ^ N\X) ^ Pic(A') ©z Q Cl(^) ©z Q, 

and dimCl(;f) ©^ Q = Thus dim7Vi(X) < V, with equality iff X is Q- 
factorial. So, using the exact sequence above, we obtain ^ p{X^) <V + E, 
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equal only if X is Q-factorial. 

(2) The maps iVi(Xf ) ^ iVi(;f) and N^{X) 7Vi(Xf ) are dual. Let X2 be 
the component of X — Xi meeting Xi, let T denote the intersection. By the 
exact sequence of Lemma (2), we find that A^i(Xj') — > Ni{X) is injective 

(recall that Ni{X) ^ Ni{X)). For, if (3 is in the kernel, (3 = A[r] G iVi(Xf ) 
for some A € Q. Intersecting with a relatively ample divisor on X /T, we 
find that A = 0, so /3 = 0. Now using the description of Cl(<%') in Lemma [sT^ 
we see that dim(im(A^i(A:') ^ A^i(Xf))) < 2. For locally at Xi, C\{X) is 
generated by X2 and 7i (where W is a divisor flat over T, of degree 1 on 
X,^ ^ p2)_ gQ obtain p(Xf ) < 2 as desired. 

(3) Similarly, in this case we find that dimker[A'^i(Xf ) Ni{X)] < 1, and 
d[mim[N^X) N^{Xi)] < 3, so we obtain /)(Xf) < 4. 

□ 



Proof of corollary 5.i. All this follows from Theorem 5.1 except for the 
claim that p{Xi) < 3 for Xi a middle component of a surface of type D. 
To prove this, observe that in this case Ni{Xi) — > Ni{X) is injective. For 
write X = XiU ■ ■ ■ L) Xk, where Xi is glued to Xj+i by glueing A? to 
Suppose P is in the kernel of Ni{Xi) Ni{X). By the exact sequence of 
Lemma (2), we have 

[(0, . . . , /?, 0, . . . , 0)] = (AiK], -Ai[A1]+A2[A2], . . . , -Xk-i[Al]) G eiVi(Xj') 

for some Ai, . . . , Xk~i S Q. Thus Ai = Xk-i = 0. Working inductively, we 
obtain Ai = A2 = • • • = Aj_i = and Xk-i = Xk-2 = • • • = Aj = 0, so /? = 
as claimed. We now conclude as in the proof of Theorem (3). □ 



Theorem 6.1. A surface of type B* (see Theorem 3.1L) does not admit a 
Q-Gorenstein smoothing to P^. 

Proof. Suppose X is a counter example, let X /T be a Q-Gorenstein smooth- 
ing with Xr, = P^. We have piX") = 1 by Theorem (1). We have 



Kl = K^2 =9 since Kx is Q-Cartier. Thus {Kx- + A")'^ = 9, so K]^^ > 9, 

using -Kx- ample and piX") = 1. So K^, + piX") > 10. 

Let X X'^ be the minimal resolution of X'^. Then X is rational by 
Theorem L3. Applying Noether's formula we obtain Kj^ + p{X) = 10. So 



the resolution X X'^ has strictly decreased + p. However, we calculate 
below that the only possible singularities on X'^ will increase + p when 
we take the minimal resolution, so we have a contradiction. 

{X'^, A'^) has singularities of type (^(1, dna— 1), 0) and (^(1, a), A), with 
the latter cases occurring in pairs ^(l,a) and ^(1,— a), by Theorem 3.12 . 



Now, given a cyclic quotient singularity i(l,a), let ^ = [61,... ,bk] be the 
expansion of ^ as a Hirzebruch continued fraction. The geometric interpre- 
tation of this is that the minimal resolution of the singularity has exceptional 
locus a chain of smooth rational curves with self-intersections —61, . . . , —bk- 
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Then on taking the minimal resolution of the singularity, the change in 
K"^ + p is given by 

i=l 

where a' denotes the inverse of a modulo r ( |lMa[| , p. 111). We have /? = 
d — 1 > in the case ^^(l,dna — 1) ([ |Ma| ], p. 112). Finally, we calcuate 
Pi+ 02 = 4(1 — ^) > in the case of a pair of singularities ^(1, a), 1, a). 
To see this, note that if we write ^ = [bi, . . . ,bk] and = [ci, . . . , q], we 
have Y.{h - 1) = E(ci - 1) = + / - 1. □ 

7. Classification of the normal surfaces 



Manetti has classified normal log terminal degenerations of in [ Ma | — 
we will refer to such surfaces as Manetti surfaces. We state the basic result 
below. 



Theorem 7.1. (compare [|Ma| , p. 90, Main Theorem) Suppose X is a nor- 
mal log terminal proper surface with —Kx ample. Then X admits a Q- 
Gorenstein smoothing to iff 

(1) X has singularities of type ;^(l,na — 1), (a, n) = 1. 

(2) p{X) = 1. 

We now classify the normal log canonical degenerations of P^ . 

Theorem 7.2. Let X be a normal log canonical proper surface with —Kx 
ample. Then X admits a Q-Gorenstein smoothing to P^ iff X is a Manetti 
surface or X is an elliptic cone of degree 9. 

Remark 7.3. If X/T is a smoothing of a normal proper surface X to P^, 
then X /T is projective and Q-Gorenstein, and —K^/t is relatively ample. 
The projectivity is proved in [Ma| , p. 95, Theorem 4, the rest follows since 
p{X/T) = 1 (by Lemma 

Lemma 7.4. Let X be an sic proper surface. Suppose X has a Q-Gorenstein 
smoothing to P^. Then every normal log terminal singularity of X is a cyclic 
quotient singularity of type ^(l,na — 1), where {a,n) = 1. Moreover 3 j(n. 

Proof. First, we know that every normal log terminal singularity of X is 
of the form ^(l,na — 1), since we assume there exists a Q-Gorenstein 
smoothing (compare Theorem 3.12| (1)). We need to show that d = 1. We 



sketch the proof here, for details see ||Ma| , p. 103, Propn 13(i) and Remark 6. 
We compute that the Milnor fibre F of a smoothing of a singularity of 
type -^{l,na — 1) has 62 (-F) = d — 1 and negative definite intersection 
product. Now, since P^ has positive definite intersection product, it follows 
that b2{F) = 0, so d = 1 as required. 
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Finally, we show 3 /n. Let X jT be a Q-Gorenstein smoothing of X 
to Let (P G X) ^ 7^(1, raa - 1) Th en locally at P G A", we have 
Cl(;i:') ^ Z/nZ, generated by iCA- (see [[KSBj , p. 313, Propn 3.10, and go|, 
p. 135, Propn 2.2.7). But Kx ~ —37^ locally at P, where 7^ is a divisor, flat 
over T, that restricts to a hyperplane section on X^^ = P^. Thus 3 /n. For 
another proof using the Milnor fibre, see [Ma], p. 105, Theorem 15(ii). □ 



Notation 7.5. We call singularities of the form -^{Ijclna — l) singularities 
of class T. We call singularities of the form ^(1, na — 1) singularities of class 
Ti. 



Proof of Theorem \7.^ . Suppose given a normal log canonical del Pezzo sur- 
face X which admits a Q-Gorenstein smoothing to P^. We may assume X 
is strictly log canonical, otherwise X is a Manetti surface. Let n : X ^ X 
be the minimal resolution of X. If X is not rational, then X is an elliptic 



cone by Theorem gj. Then K]^ = K^^ = 9 gives that X is an elliptic cone 
of degree 9. 

So we may assume X is rational. The Leray spectral sequence gives an 
exact sequence 

^ H\Ox) ^ H\Oj^) ^ H\R^f,0<i) ^ H\Ox). 

Now h^{Ox) = h^{Kx) = since Kx is ample, and h^{0^) = ^ since X is 
rational. So H^{R^ fi,0^) = 0, X has rational singularities. 

We can now use a result of Manetti ( |Ma| , p. 95, Theorem 4, and p. 
100, Theorem 11): Let (j) : X ^ X = F^„ be a birational morphism, with w 
maximal (so </> is an isomorphism over the negative section B of F^). Let 
p: X ^ ¥^ denote the birational ruling so obtained. Then the exceptional 
locus of vr is the strict transform B' of B together with the irreducible com- 
ponents of the degenerate fibres oip of self-intersection < —2. In particular, 
w > 2. Moreover every degenerate fibre contains a unique —1 curve. We 
quickly sketch the proof of this. First, since X smoothes to P^, we have 
h^{-Kx) > h^{-Kp2) = 10, and h^{-K^) = h^{-Kx) since tt : X ^ X 
is minimal. Manetti deduces there is no horizontal curve C on X with 
< —2 except possibly B' . Now since p{X) = 1, it follows that the excep- 
tional locus of vr is B' together with all the components of the degenerate 
fibres of self intersection < — 2, and every degenerate fibre has a unique —1 
curve. 

There are two types of rational strictly log canonical surface singularities 
— namely a /i2 quotient of a cusp and a quotient of a simple elliptic singu- 
larity. Consider the minimal resolutions of these singularities. In each case 
the exceptional locus is a union of smooth rational curves. For a ^2 quotient 
of a cusp, the exceptional locus consists of a chain of curves with two —2 
curves off each end component of the chain. For a quotient of a simple ellip- 
tic singularity, the exceptional locus consists of a curve with three chains of 
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curves off it. We now analyse how these could possibly fit into the minimal 
resolution X of X. 

Consider the minimal model program yielding : X X = ¥yj in the 
neighbourhood of a given fibre oi p : X ^ F^. At each stage we contract a 
— 1 curve, meeting at most 2 components of the fibre, and disjoint from B' 
(since is an isomorphism over B). We know that 

Exc(7r) = 5' U {r C y I p*(r) = O and < -2}. 

This set decomposes into the exceptional loci of the minimal resolutions of 

one log canonical rational singularity and some Ti singularities. 

First concentrate on the log canonical singularity; let E denote the ex- 
ceptional locus of its minimal resolution. Then E contains a curve C which 
meets 3 other components of £^ — we call such a curve a fork of E. Suppose 
/ is a degenerate fibre of p containing a fork C of E. Let A' denote the com- 
ponent meeting B' (this is the strict transform of the corresponding fibre A 
oi X = ¥w). Then we have a decomposition f = PuruQUCURUS, 
where 

(1) r is the unique -1 curve in /. 

(2) P is a string of curves, with one end component meeting F, P con- 
tracts to a Ti singularity (or is empty). 

(3) Q,R and S are nonempty configurations of curves meeting F and C, 
C, and C and B' respectively. 

Then in the MMP X ^ > X,we contract T, PUQ,C and R U S\A' in 

that order. (Note: Q and R are nonempty because C is a fork. One might 
think S could be empty since E contains B', but in that case C = A' and 
must be contracted before we can contract R, a contradiction). 

Next suppose that / is a degenerate fibre of p that does not contain a 
fork of E. Then we have a decomposition / = P UT LI Q, where 

(1) F is the unique -1 curve in /. 

(2) P is a string of curves, with one end component meeting F, P con- 
tracts to a Ti singularity (or is empty). 

(3) Q is a non-empty string of curves meeting F and with one end com- 
ponent meeting B'. 

We now analyse these two cases for each of the two types of singularity. 
We call them fibre types I and II. First suppose X has a /Lt2 quotient of a 
cusp singularity. So = P U Gi U • • • U G4 where P = Pi U ■ ■ ■ U Pfe is a 
chain of P^'s, and Gi,G2 (respectively 03,04) are — 2-curves meeting Pi 
(respectively P^). 

Suppose Pi is contained in a degenerate fibre /. Then as above we can 
write / = PUFU(5UCUPUS' where without loss of generality Q = Oi, 
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C = Fi, R = G2 and S = F2 U ■■■ U Fi for some / < k. Note that / 
cannot contain the other fork F^ of E, since then F^ = A' contradicting the 
description above. We contract P UT D Q first. We deduce that the curves 
in the string P have self-intersections —3, —2, . . . , —2. Thus P contracts to 
a 2r+i ^) singularity, where r is the length of the string. But this is never 
a Ti singularity (since (r + 1, 2r + 1) = 1), a contradiction. So P is empty. 
We can now calculate that the curves in the string S have self-intersections 
—3, —2, . . . , —2, —1 if / > 2. Then F^ = —1, a contradiction. Hence I = 2. 

Next suppose Fi is not contained in a degenerate fibre. Then Fi is hori- 
zontal, hence -Fi = B'. Then it follows that we have a fibre of type II with 
Q = Gi, a. -2 curve. We deduce that P is a single -2 curve. But then P 
contracts to a ^(1, 1) singularity, which is not Ti, a contradiction. 

Combining, we deduce that k = 5, and we have two fibres of the form 
ruGi UG2 UFi U-F2 as above, and F^ = B' . There are no further degenerate 
fibres. It only remains to calculate w. We use = 9 to deduce w = 11. 

I claim that the surface X constructed above does not admit a Q-Gorenstein 
smoothing. Let y ^ X be the index one cover of X at the singular 
point. Then Y has a cusp singularity and the exceptional locus of the 
minimal resolution y ^ y is a cycle of rational curves of self-intersections 
—2, —2, —2, —11, —2, —2, —2, —11. Suppose X has a Q-Gorenstein smooth- 
ing, then, taking the canonical cover of the smoothing at the singular point 
we obtain a smoothing of Y . Let M denote the Milnor fibre of the smooth- 
ing of y. Consider the intersection product on i7^(M, M), write h2{M) = 
/io + /^+ + /^-, where /io, M+ ^-^^d are the number of zero, positive and neg- 
ative eigenvalues of the intersection form. Since Y is normal and Gorenstein, 
we have pt2| 

^_ = mh^{Oy) + Kl + h2{Y) - bi{Y). 

In our case we calculate ^_ = 10 — 18 + 8 — 1 = —1, a contradiction. So Y 
is not smoothable, hence X does not have a Q-Gorenstein smoothing (not 
even locally). 

Now suppose X has a quotient of a simple elliptic singularity. So E = 
F U U G2 U where F = P^, = U • • • U Gl^^ is a chain of smooth 

rational curves and G\ meets F, for i = 1,2 and 3. We first give a partial 
classification of these singularities. We can contract the chains G* to obtain 
a partial resolution X ^ X. Write F for the image of F under X ^ X. 
Then the chains G* contract to singularities of type (^(l,a). A) on {X,F). 
Let ri,r2,r3 be the indices of these singularities, then :^ = 1 (because 
X is assumed to be strictly log canonical — the condition is equivalent to 
K^ + F = TT^Kx). Thus (ri,r2,r3) = (2, 3, 6), (2, 4, 4) or (3,3,3) after 
reordering. In particular, we see that each chain G* is either a single of 
self-intersection — r^, or a chain of rj — 1 P^'s of self-intersection —2. 

We claim that the fork F of E cannot be contained in a fibre /. By the 
classification above, its enough to show that w ^ 2, since this then forces 
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F = A', a contradiction. Write Kj^ + C = 7r*Kx- Let C = 4>-,C. Then 

Since (j) is an isomorphism over B, we have (Kx + C)B = {Kj^ + C)B' = 
TT*KxB' = because B' is vr-exceptional. So + C \{B + wA)^ writing 
A for a fibre of X ^ ^ Here A = -2 + where /i is the multiphcity 
of i?' in C Now < /X < 1 since X is log canonical and vr is minimal. Hence 

9 < {Kx + Cf = \^{B + wAf = X^w < 4w, 

so t(7 > 2 as required. 

Thus F is horizontal, F = B' and we have 3 degenerate fibres of type 
II. In each case Q is a single curve of self-intersection — or a string of 
(rj — 1) — 2-curves. If the fibre / is a string, we deduce that P is a string of 
(rj — 1) —2-curves or a single curve of self-intersection — rj respectively. Now, 
since P contracts to a Ti singularity, we deduce P is a single — 4-curve and 
rj = —4. If / is not a string, we find that Q is a string of three —2-curves, T 
meets the middle component, and P is empty, hence again rj =4. So rj = 4 
for all i, contradicting the classification above. 

It remains to show that an elliptic cone of degree 9 admits a Q-Gorenstein 



smoothing to . We prove this in Lemma |7.6| below. □ 



Lemma 7.6. Let X be an elliptic cone of degree 9. Then X has a smoothing 
to P2. 

Proof. Given an elliptic cone X of degree 9, write X ^ X for the minimal 
resolution of X. Then X is a ruled surface over an elliptic curve E, i.e., 
^ = F.Ei^E © where C is a line bundle on E of degree 9. We claim 
that X is determined up to isomorphism by its section E. For AutE acts 
transitively on E, and given a line bundle C of degree 9 we have C ~ 9P for 
some P £ E (cf. |Har], p. 337, Exercise 4.6(b)), thus AutE' acts transitively 



on the line bundles of degree 9. Our claim follows. 

Let T be the spectrum of a DVR, and write y = F^. Let E ^ Y = 
be an elliptic curve in the special fibre. Let y ^ y he the blowup of y in 
E. Then the special fibre Y consists of the strict transform Y' of Y together 
with a ruled surface F of degree 9 over the elliptic curve E. We contract Y' 
to obtain a family y /T which is a smoothing of an elliptic cone of degree 9 
over £; to p2. □ 

Remark 7.7. Note that any smoothing of X is Q-Gorenstein since Kx is 
C artier. 

8. Push forward and base change and relative Weil divisors 

The aim of this section is to define the notion of a relative Weil divisor and 
explain the conditions 'i^j^^/g and 0;f (2?)W commute with base change' in the 
definition ( p. 14 ) of an allowable family of stable pairs. See also Section IC. 
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We first recall some of Kollar's theory of push forward and base change for 
open immersions. These results are proved in | Kol| ] (unpublished), I at least 
provide the statements here. 

Notation 8.1. Let / : A" — > 5" be a morphism of schemes. Let i: U ^ X he 
an open subscheme, W = X — U, and Z C X — U a subscheme proper over 
S. Let J- he a coherent sheaf on U which is flat over S. Given a morphism 
g: S' ^ S, write = X xg S' , W = Uxs S' etc., gx: X^ ^ X for the 
induced morphism, J^^ = g*^^- 

Definition 8.2. We say that the push forward of J- commutes with g: S' ^ 
S if the natural map g^i^^J- — > i^J-^ is an isomorphism in a neighbourhood 
of Z. We say that the push forward of J- commutes with arbitrary base 
change if the push forward of T commutes with any g: S' ^ S. 

Remark 8.3. In our applications, Z contains all closed points of W, so an 
isomorphism in a neighbourhood of 2 is a global isomorphism. More specif- 
ically, we are only interested in the following special case: J- is an invertible 
sheaf, X /S is a family of CM reduced surfaces, Xs — Us is finite for every 
s G S, and either X / S \s proper and Z = X — U ot P ^ X \s local and 
Z = P. Then i^^T is a 'divisorial sheaf as defined below. We write ^i^^J- 
commutes with base change' to mean the push forward of J- commutes with 
arbitrary base change in this case (since the choice of U is immaterial by 
Lemma ^.16| (1)). 

Lemma 8.4. Notation as above. 

(1) The push forward of J- commutes with any flat S' ^ S 

(2) Let h: T ^ S be faithfully flat. Then the push forward of T commutes 
with arbitrary base change iff the push forward of J-^ commutes with 
arbitrary base change. 

(3) Assume that the push forward of T commutes with arbitrary base 
change and let h: T ^ S be a morphism, then the push forward of 

commutes with arbitrary base change. 

Lemma 8.5. The following are equivalent: 

(1) The push forward of T commutes with arbitrary base change. 

(2) The push forward of T commutes with every j : s ^ S where s & S 
is a closed point. 

(3) The natural morphism jJ^i^jF iiJ-^ is surjective for every j : s ^ S 
where s € S is a closed point. 

Lemma 8.6. If the push forward of J- commutes with arbitrary base change 
then ii,T is flat over S. 

Lemma 8.7. Notation as above. Assume that ^ S is local, satisfies 
Serre's condition S2, and that i^iT^) is coherent. Then the following are 
equivalent: 
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(1) The push forward of J- commutes with arbitrary base change. 

(2) The push forward of J- commutes with j : ^ S. 

(3) For every local Artinian subscheme h: A ^ S the push forward of 
commutes with j: Q ^ A. 

Theorem 8.8. Notation as above. Assume that S is Noetherian, X /S is 
projective, and that is S2 and i^J-^^ is coherent for all s G S. Then there 
exists a locally closed stratification US'j S, such that if T is a reduced 
scheme and h: T ^ S is morphism, then the push forward of commutes 
with arbitrary base change iff h factors through US'j S. 

Remark 8.9. The assumption that X /S is projective is necessary for general 
S. However, if we assume that S is the spectrum of a complete local ring, 
then the conclusion holds for arbitrary X/S. 

Remark 8.10. We would like to remove the requirement that T is a reduced 
scheme — we do not know if this is possible. 

We now define the notion of a relative Weil divisor for a family of CM re- 
duced surfaces X/S over an arbitrary base S € Sch . This is a generalisation 
of Mumford's notion of a relative Cartier divisor ( ||Mu[| , Lecture 10). 

Definition 8.11. Let X/S he a family of CM reduced surfaces. We say a 
codimension 1 closed subscheme D of is a relative effective Weil divisor 
if there exists an open subscheme i-.lA^X and an effective Cartier divisor 
onU/ S, flat over S, such that 

(1) Xs — Us is finite for each s G S. 

(2) T> = T>^, the scheme theoretic closure of in X. 

We define a relative Weil divisor to be a formal difference P"*" — P~ of 
relative effective Weil divisors. Given a relative Weil divisor V, we define 
an associated sheaf OxiJ^) = ii,Ou{'D\u) , where i: U ^ X is the open 
subscheme where P"^ and 'D~ are Cartier, and Oui'T'lu) is the invertible 
sheaf corresponding to the Cartier divisor T)\ii as usual. We say that V is 
Cartier if OxiT^) is invertible. Given T ^ S, we define the pullback ^^(t) 

of a relative effective Weil divisor V to Xt = X xs T via ^^(t) = ^sT. 
We define the pullback of a general relative Weil divisor by linearity. 

We say a coherent sheaf on X / S is a divisorial sheaf if J- = Ox{T>) for 
some relative Weil divisor T>. Equivalently, there exists an open subscheme 
i:lA^X such that T \u is invertible, Xg — Us is finite for each s G S and 

= i^i*T. 

Given a divisorial sheaf and iV E N, let J^'^l denote the sheaf 
(corresponds to multiplication of the divisor by A'^). 

Remark 8.12. The assumption that T>^ is fiat over S is equivalent to the 
following: for all s G S", SuppP does not contain any component of Xg 
( puj , Lecture 10, p. 72). 
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Remark 8.13. Given a relative Weil divisor V on X/S, the sheaf Ox(J^) is 
coherent (using Remark g.l7| below) . 



Remark 8.14. If ^ is a divisorial sheaf and j : U ^ X is any open subscheme 
such that Xg —Us is finite for each s then ji,j*J- = T (using Lemma B.16| (l)). 



Remark 8.15. Note that I'(t) is not the same as T>t = T^^sT in general, and 



moreover T> is not necessarily flat over S. See Lemma 8. IS and Example S.2C 
below. 

Our next result is a technical lemma which, given a family X/S and a 
sheaf T on X , flat over 5, relates the ^2 property for the fibres !Fs of to a 
relative S'2-type property for T. Note that it is not true that if every fibre 
J^s is 5*2 then the sheaf ^ is 5*2 — we can easily construct a counter example 
where the base 5 is not ^2. 

Lemma 8.16. Let X/S he a family of CM reduced surfaces and J- a coher- 
ent sheaf on X which is flat over S. 

(1) Suppose that for each closed point s £ S the sheaf J-'s on Xg satisfies 
Serre 's condition S2 ■ Let i: U ^ X be an open subscheme such that 
the set Xg — Ug is finite for each s £ S. Then the natural map T — > 
ii,i^T is an isomorphism. 

(2) Suppose that for each closed point s & S the sheaf Tg on Xg is invert- 
ible in codimension 1. Then there exists i: U ^ X such that the set 
Xg — lAg is finite for each s £ S and i*T is invertible. 

In particular, if Tg is invertible in codimension 1 and S2 for each closed 
point s (z S, then T is a divisorial sheaf. 

Proof. (1) Write Z = X —U. We work locally at a closed point P & Z d X , 
say P ^ s £ S . Then Zg d Xg is a. closed subscheme with support P. The 
sheaf J^s is S2 by assumption, so there exists a regular sequence Xg,yg € 
n^Xs.P for at P. Replacing Xg^yg by if necessary, we may assume 

that Xg,yg G Zz^ ■ Now lift Xg,yg to x,y G Tz, then x, y is a regular sequence 



for T at P ([Mat], p. 177, Corollary of Theorem 22.5). Equivalently, we 



have an exact sequence 

Consider the natural map — > i^,i*J^, write K for the kernel and C for the 
cokernel. K and C have support contained in the set Z, so any given element 
of IT or C is annihilated by some power of Tz- So, ii K 0, there exists 
^ g (z K such that Tzd = 0, so in particular xg = yg = 0, contradicting 
the exact sequence above. Similiarly if C 7^ 0, there exists g € i-^i*T—T such 
that Jzg C J^. Again using the exact sequence above, since {yg, —xg) 1-^ 
we obtain {yg, —xg) = {yg' , —xg') for some g' G J^, it follows that g = g' , a 
contradiction. Thus K = C = 0, so the map — > ii,i*J- is an isomorphism 
as claimed. 
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(2) If J^s is invertible aX P ^ Xg then, working locally at P, lifting an 
isomorphism Ox^ we obtain a surjection Ox — ^ ^ ^ by Nakayama's 

Lemma. Now, by flatness of T ^ it follows that Ox ^ ^ is an isomorphism, 
so J- is invertible at P G A'. □ 

Remark 8.17. In particular, if X/S is a family of CM reduced surfaces, and 
i: U ^ X is an open inclusion such that Xg — Us is finite for each s G S, 
then iJ*Ox = Ox- 

Example 8.18. The sheaf lvx/s is divisorial for a family X/S of sic surfaces. 
For uJx/s is flat over 5, and, for each s G S", the natural map iOx/s'^ ^i^) ~^ 
LOXs is an isomorphism and oJXs is invertible in codimension 1 and 82- We 
write Kx/s foi^ a relative Weil divisor such that ujx/s = ^x{Kx /s)- 

Lemma 8.19. Let X/S he a family of CM reduced surfaces, D C X a 
relative effective Weil divisor. Then 'D^x) = for all T ^ S iff Oxi—T^) 
commutes with base change. Moreover, in this case V is flat over S. 

Proof. We may assume that S and T are affine, write S = Spec^, T = 
Speci?. We have a commutative diagram: 

^ Torf{Ov,B) ^ Ox{-V)®aB ^ Ox^ ^ Ov^ ^0 

^ Ox,{-V^^B^^) ^ Ox, - Ov,,, -0 

Thus Vb = V^B) iff Oxi-Ti) ®aB ^ Oxb{-T^{B)) is surjective, by the 



snake lemma. This proves the first part using Lemma 8.5(3). Moreover, we 
see that in this case Tori{Ox), B) = for all A ^ B, hence T> is flat over S 
as required. □ 

Example 8.20. Let X/T be a family of surfaces over the spectrum of a DVR 
T with generic fibre ¥o/k{rj) and special fibre F^/k (this can be realised 
as a family of scrolls in a projective space). We can contract the negative 
section B of F4 to obtain a family X/T. Let P (z X he the image of B, 
then is not Q-Cartier at P. However the special fibre X = P(l, 1, 4) has 
2Kx Cartier. Let P G | — 2Kj^\ be a relative Weil divisor, then necessarily 
P G SuppP, let D be the restriction of the divisor T> to the special fibre. 
Then the natural map Oxi—T^) ^ k ^ Ox{—D) is not surjective. For 
otherwise Ox{—T)) is invertible by Nakayama's Lemma, a contradiction. 
Thus the scheme theoretic fibre V ® k has an embedded point at P, in 
particular V ® k ^ D. 

Example 8.21. Let X / S he a family of CM reduced surfaces and T> <Z X / S 
a codimension 1 closed subscheme, flat over S. Then for s G S" we can define 
the restriction of T> to the fibre Xg (we take the double dual of the ideal 
sheaf of the fibre Vg as the ideal sheaf of I'(s))- Consider the locus S' of s G 
such that T>s = T^{s) (equivalently Oxi—T)) ^ k{.s) is S2). Since Oxi—T)) is 
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flat over S, this locus is open. Finally, let S" be the open locus of points 
s £ S' such that is Cartier in codimension 1. Then T>" = T> x g S" is a 
relative Weil divisor on X" = X Xg S" / S" by Lemma p.l6 . 



We prove below some foundational results concerning Q-Cartier relative 
Weil divisors. 

Lemma 8.22. Let X jS he a family of CM reduced surfaces, with G 5 
local. Let T> he a relative Weil divisor. Suppose that ND is Cartier. Then 
Ox{NT>) commutes with base change if and only if ND is Cartier. 

Proof IfOxiNV) commutes with base change then Ox{NT>)(g)k Ox{ND) 
is an isomorphism, and Ox{ND) is invertible by assumption. Since Ox{NT>) 
is coherent, it follows that OxiNV) is invertible by Nakayama's Lemma and 



the flatness of OxiNV) (using Lemma g.6). 

Conversely, suppose NT) is Cartier. By Lemma |8^ (2), we need only show 
that Ox{NT>) (gi /c — > Ox{ND) is an isomorphism. Both sides are invertible 
by assumption and the map is an isomorphism in codimension 1, thus it is 
an isomorphism since X is 5*2. □ 



Proposition— Definition 8.23. Let X jS he a family of CM reduced sur- 
faces with P £ X local, and T> a Q- Cartier relative Weil divisor on X/S of 
index N. We define a quotient tt: Z ^ X as follows: 

z = Spec y (Ox e Ox{v) e • ■ • e OxHn - i)v)) 

where the multiplication is given hy fixing an isomorphism Ox{NT>) = Ox- 
Let i : X^ ^ X he the locus where T> is Cartier and j : Z^ ^ Z the inverse 
image in Z. We have 

(1) TT°: Z^ X^ is etale. 

(2) The relative Weil divisor T>z = tt*T> is Cartier. 

(3) j.fOz = Oz- 

Conversely, any [ifq quotient -k: Z ^ X satisfying these criteria is of the 
form above. We refer to such a cover as a cyclic cover of X / S defined hy 
T>, or, in the case T> = Kx/s> o,n index one cover of XjS. 

The construction is unique up to the choice of an element of H° {O^) / H° (O^)^ . 
In particular if P £ X is a local analytic germ, the construction is unique. 

Proof. This is a straightforward generalisation of the usual cyclic covering 



trick |YPG]. □ 



Remark 8.24. Note that vr'^P is a single point (using index D = N). 



Lemma 8.25. Let X/S he a family of CM reduced surfaces, with € S 
local, and V a relative Weil divisor on X . Suppose V is Q- Cartier. Then 
index(D) = index(D). 
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Proof. Let index I? = N, index D = M, then NT> Cartier gives ND = 
NT) \x Cartier, so M | A^. We claim that M = N . We may work locally at 
P £X. 

First suppose that S = Spec A where A is a local Artinian fc-algebra. Let 
■k: Z ^ X he & cyclic cover defined by T>. Let i: ^ X he the locus 
where V is Cartier (then X^ is the open subscheme of X with underlying 
space X — P) and let j : be the inverse image in Z. We have 

ji^Ozo = Oz- Thus Z connected implies Z^ is connected. Hence is 
connected, since and Z^ have the same underlying space. But 

Z° = Specie (0x0 e Oxo(-^°) • • • © Oxo{-{N - 1)D°)), 

thus the cover 

Z' = Spec ^(i,7r° 0^0) = Spec^(0x © Ox{-D) ®...®Ox{-{N - l)D)) 
of X is connected, it follows that the index M of -D is equal to A^. 



The general case now follows using Lemma 3.22 and Lemma 8.7 — we 
have -/Vfl'(^) Cartier for every Artinian subscheme A ^ S, hence MT> is 
Cartier, so M = AT. □ 



9. A REVIEW OF VERSAL DEFORMATIONS ACCORDING TO ArtIN 



The aim of this section is to give necessary conditions for a groupoid F 
over C_ to admit algebraic, everywhere versal deformations (Theorem p. 12 ). 
This theory was developed by Artin in [ Arl |, starting from the work of 



Schlessinger [3ch]. In Section 11 we use our result to prove that Al^ is an 
algebraic stack. 

Notation 9.1. Let C_ be the category of noetherian C-algebras. We say a 
morphism A' ^ A m. C_\s an extension if it is surjective, we say it is an 
infinitesimal extension if it has nilpotent kernel. 



Notation 9.2. Let F be a groupoid over C_. We write F{A) for the fibre 
over A e C. Given A ^ B in C and b G F{B), we write Fb{A) for the 
groupoid of maps a — > 6 in F lying over A ^ B. We write F{A), Fii{A) for 
the isomorphism classes of F{A), Fi,{A), these define functors 

F:C^ (Sets), 

Fb-C\B (Sets). 



Definition 9.3. Let F be a groupoid over C_. We say that F is limit pre- 
serving if the natural functor 

lim r-i/ t \ 7-1 /lim a \ 

^ F{Ai) F{^ Ai) 
is an equivalence of categories for every direct system {Ai} in C such that 
'^AiGC. 
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Notation 9.4. Let £ C_, let A ^ Aq he an extension, and A' ^ A an 
infinitesimal extension with kernel M, where M is a finite Ao-module (i.e., 
writing N for the kernel of A' — > we have MN = in A'). We write 
A + M for the trivial extension of A by M, namely the ^-module A (B M 
with multiplication given by = 0. 

We define conditions (Sl)(a), (Sl)(b) and (S2) for a groupoid F over C_ 
as follows: 

Condition (SI) (a). Let 

B 

i 

A' ^ A 



he a diagram in C_, where A' ^ A is as in Notation 9.4- Assume that the 
composed map B ^ Aq is surjective. Let a G F{A). Then the canonical 
map 

FaiA' xaB)^ Fa{A')x FaiB) 

is surjective. 

Condition (Sl)(b). Let B ^ Aq be surjective, and let M be a finite Aq- 
module. Let b G F{B) have direct image oq G F{Aq). Then the canonical 
map 

F,{B + M) ^ FaMo + M) 

is bijective. 

Remark 9.5. If F satisfies (Sl)(b), Fap(Ao + M) has a natural Ao-module 
structure, and the underlying additive group acts on Fa{A') fSch | . 

Notation 9.6. Write Da^iM) = Fao(^o + M). 
Condition (S2). Da^iM) is a finite AQ-module. 

Definition 9.7. By an obstruction theory O for F we mean the following 
data: 

(1) For each infinitesimal extension A ^ Aq and element a G F(A), a 
functor 

Oa : ( finite Aq — modules ) ^ ( finite Aq — modules ). 



(2) For each ^' ^ ^ as in Notation 9A and a G F{A), an element 
Oa{A') G Oa{M) which is zero iff FaiA') / 0. 



Remark 9.8. The data is required to be functorial. That is, given a mor- 
phism of extensions 



- 


M - 


A' - 


A - 









I 






- 


iV - 


^ B' - 


B - 
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where A ^ B ^ Aqis surjective and M, N are finite ^o-modules, and given 
a € F{A) with direct image b £ F{B), we have a natural map Oa{M) — > 
Ob{N) determined by 9 and (j) such that Oa{A') Oh{B'). 

We also require that the data is linear in {Aq,M), i.e., given M and 
finite ^Q-inodules, the map 

HomAo(M,iV) ^ RomA,{Oa{M),Oa{N)), cj) ^ Oa{^) 

is an ^o-niodule homomorphism. 



Definition 9.9. We say A £ C_is algebraic if it is of finite type over C. We 
say a S F{A) is algebraic if A is algebraic. 

We state some further conditions we require for D and O. 

Condition 9.10. (1) D and O are compatible with etale localisation, 
i.e., given p: A ^ B etale, a € F{A) with direct image b G F{B) 
etc., we have 

Df,,{M <E) Bo) ^ Da,iM) ® Bo, 

and 

ObiM <S) Bo) = Oa{M) ® Bo. 

(2) D is compatible with completions, i.e., form a maximal ideal of Ao, 
we have 

Da,{M) ® Ao Z)ao(M/m"M). 

(3) Constructibility: For Ao reduced, there is an open dense set of points 
p G Spec^o such that 

DaoiM) (g) k{p) ^ Da,{M (g) k{p)), 

and 

Oa{M) k{p) C Oa{M k{p)). 

Definition 9.11. The lifting property for v £ Oh{F) is the following: Given 
6: V ^ a and (p: a' ^ a in F such that the direct image A' ^ A of (p in C_ 
is surjective, there exists 9' : v a' such that (j) o 9' = 9. 

An element v € F{R) is formally versal at p G Speci? if the lifting 
property holds whenever A' is a finite length extension of the residue field 
k{p). We say v S F{R) is formally smooth over F if the lifting property 
holds whenever A' ^ Ais an infinitesimal extension. 



Theorem 9.12. Let F be a limit preserving groupoid over C_. Assume 
that we are given an obstruction theory O for F . Suppose that F satis- 
fies (Sl)(a),(b) and (S2) and that D and O satisfy the conditions of 9.1C 
for algebraic A, B £ C_. Suppose also that, if A is a complete local ring in 
C_, the map 

F{A) F{A/m^) 
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has dense image. Then, given u € F[C) there exists an algebraic ring R 
with a closed point G Speci? and v G F{R), formally smooth over F , such 
that vq = u. 



Proof. This follows from [Arl], p. 170, Corollary 3.2 and p. 175, Theo- 



rem 4.4. □ 

10. Q-GORENSTEIN DEFORMATION THEORY 

We define a workable theory of Q-Gorenstein deformations of sic surfaces 
as suggested in [Ko6] — we say X/S is Q-Gorenstein if commutes with 



base change for all i ^ X (Definition lO.lOj ). In particular, for {X,'D)/S G 



the family X/S is Q-Gorenstein by definition. This theory is used 
in Section ^ to show that is an algebraic stack using the methods of 
Artin. We first review some standard deformation theory. 

Notation 10.1. We consider families of schemes X/A, where A G C_ and 
X is a noetherian scheme, fiat over A, which is either of finite type over A 
or affine, and is separated for the mp-adic topology for each P G Spec^. 
Given an infinitesimal extension A' ^ A in C_, write Deix/A{A') for the 
set of deformations of X/A over A'. Given a family X' /A' extending X/A, 
write Aut;)^ /a('^V^O the group of automorphisms of X' /A' over A' which 
restrict to the identity on X/A. Given A ^ B inC_,we also write Aut^t" /a(-S) 
for Aut;t'M('^ (^A B/B). 

Remark 10.2. We want to allow the fibres to be /oca/, in particular we cannot 
assume that X/A is of finite type. We need to insist that X/A is separated 
for the mp-adic topology for each P G Spec^ to ensure that, e.g., there are 



no empty fibres of X/A (c.f. jK^] , p. 21) 



Definition 10.3. Let A G C_ and let X/A be a family of schemes over 



A as in Notation 10.1. Let C. be a cotangent complex for X/A, in the 
derived category of coherent sheaves on X (|LS|, p. 44, Definition 2.1.3). 
Given a coherent sheaf T on X, define A4{J^)' = T-Lomox{C,J-). Define 
T^X/A^J^) = W{M{J^y) and T'{X/A,T) = W{M{J^y). Here, given a 
complex of sheaves, we use H to denote the cohomology sheaves and IH to 
denote the hyper cohomology groups. 

Remark 10.4. If X/A is of finite type we may assume that the sheaves Cj 
are coherent, so in particular the T^{X /A, J^) are coherent. 

Remark 10.5. We only need the cases J- = Ox ®A B for some finite A- 
module B. 

Remark 10.6. There is a local-to-global spectral sequence relating the T* 
and the T' : 

Ef' = HPiX,T''{X/A,T)) TP+''{X/A,J^). 
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This is the usual hypercohomology spectral sequence, see |GH], p. 445. 



Theorem 10.7. Let X j A he a family of schemes and T a coherent sheaf 
on X . Then 

(1) T^{X/A,J^)=nomx{^x/A,r)- 

(2) T^{X/A,!F) is supported on the locus where X/A is not a smooth 
morphism. 

(3) T^{X/A,J^) is supported on the locus where X/A is not an lei mor- 
phism. 

Proof. See [LS|, 2.3, Theorem 3.1.5 and Corollary 3.2.2. □ 



Theorem 10.8. Notation as in \9.4 - Let Xq/Aq be a family of schemes and 
X/A a family extending Xq/Aq. 

(1) There exists a canonical element ox/a{^') ^ T'^i^o/Ao,Oxo ®Aq M) 
such that Defx/A{A') / iffox/Ai^') = 0- 

(2) If Ox /a{-^) = 0; Def;f/^(A') is a principal homogeneous space under 
T\Xq/Aq,Ox,®Ao M). 

(3) Given X'/A' extending X/A, Aut;^'/^(<^'/^') is naturally isomorphic 
to rO(A'oMo,OA-o ®Ao M). 



Proof. For the local case, we use [^S|, p. 66, Theorem 4.3.3, and p. 50, 2.3.2 
(which shows that T\X/A, Ox^/a, ®Ao M) ^ T\Xq/Aq, Ox,/a^ ®Ao M) for 
each i). The global case follows formally. □ 

We now develop a Q-Gorenstein deformation theory for sic surfaces. We 
first state the most obvious definition of a Q-Gorenstein deformation (we 
refer to this as 'weakly Q-Gorenstein'), and then refine our definition. 

Definition 10.9. Let X/A be a family of sic surfaces. We say X/A is 
weakly Q-Gorenstein if the relative Weil divisor Kx/a is Q-Cartier. 

This is the definition suggested in |Ko2 |, p. 185, Remark 6.27 and is 



equivalent to the definition used in [ KSB |. However, it is not well understood 



over an Artinian base, in particular there is no known obstruction theory for 
weakly Q-Gorenstein deformations. To remedy this we make the following 
definition. 

Definition 10.10. Let X/A be a family of sic surfaces. We say X/A is 
Q-Gorenstein if ^x^y^ commutes with base change for all i ^ 'L. Given 
a Q-Gorenstein family of sic surfaces X/A and an infinitesimal extension 
a! ^ Am. C, write Def^^(A') for the set of Q-Gorenstein deformations of 
X/A over A!. 



Remark 10.11. Note that Q-Gorenstein implies weakly Q-Gorenstein by Lemma 
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8.22, 



Remark 10.12. Equivalently, we require that w^^^ commutes with base change 
for 1 < i < N , where NKx is Cartier for each geometric fibre X. For, by 



Lemma [8.22 , if w!^^, commutes with base change then invertible, thus 



■"X/A '-"-"^ ^cov. v,..c...B- — - ^x/A 

locally on X we have ^^^/A ~ ^^x/A°^ 



This definition was given in [ Ko6| , p. 260, Definition 5.2. Geometrically, 



the Q-Gorenstein deformations of a local sic surface X are precisely those 
deformations which lift to deformations of the index one cover Z ^ X. This 



is made more precise in Proposition 10.13 below. This description enables us 



to prove an analogous result to Theorem 10.8 for Q-Gorenstein deformations 



(Theorem 10.19| ). In particular, we define an obstruction theory for 



Gorenstein deformations. An outline of this theory was given in a preprint 
of Hassett (c.f. | Has| ) . We also show that, for a smoothing X /T of an sic 



surface over the spectrum of a DVR, X/T is Q-Gorenstein iff it is weakly 
Q-Gorenstein. 

Proposition 10.13. Given X/A a Q-Gorenstein family of sic surfaces, 
with X and A local, fix an index one cover Z X/A. This is a /xjv quotient, 
where N = index A". Then Zj A is flat, and for any A ^ B in C_, Z (Si a B 
is an index one cover of X ®a B. 

Let A' ^ A he a local extension in C_, and consider the set of families 
of sic surfaces Z' /A' extending Z/A. We have an action of fiN on this 
set coming from the action on Z/A, let Z' /A' he an invariant element. 
Then X' = [Z' / iin) / A' is a Q-Gorenstein family of sic surfaces extending 
X/A and Z' — > X' /A' is an index one cover. 

In particular, if A' ^ A is an infinitesimal extension, we have a natural 
isomorphism 

Def^/^(A')^- - Beffl^iA') 

[Z'/A'] ^ [{Z'/f,^)/A'] 

with inverse [X' /A'] i— > [Z'/A'] where Z' X' /A' is the unique index one 
cover extending Z X/A. 

Proof. We are given a family X/A such that uj^^/a commutes with base 
change for all i. Then in particular K^/a is Q-Cartier and index /a = ^ 



by Lemma 8.25. Let tt: Z X he an index one cover. Then Z is flat over 
A, because 



and oJxjji^ is flat over A for each i by Lemma B.6. Given A ^ B in C_, the 



isomorphisms ^x/A ®^ ^ ~ x^aB/b show that Z 0^ B is an index one 
cover of X (g)^ B. 

Given Z'/A' a fi^ invariant extension of Z/A we write X' = (Z' / ^]\i)/A' , 
then X'/A' is a flat family extending X/A. We claim that the quotient 
tt' : Z' ^ X' is an index one cover of X' . First, uj^/a is invertible, and w^' /A' 
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commutes with base change, thus u^' /A' is invertible. Thus Tr*K;Y' /A' — 
^Z'/A' is Cartier. In particular is Q-Cartier, so index = N 

by Lemma 8.25. Let i : X'^ ^ X' denote the open subscheme of X' where 



iOx' /A' is invertible, and write j : Z'^ ^ Z' for the corresponding open 
subscheme of Z' . Then vr'^ : Z'^ X'^ is an etale /^tv quotient (because 
the map is etale over A). Finally ji,j*Oz' = Oz' by Lemma g.l6| (l). So 



Z' X' is an index one cover, by Proposition 8.23| . Moreover, we claim 



^% lA' commutes with base change for all i. First commutes with 



base change since it is invertible, using Lemma 8.22. Also, by the above 



Z' is an index one cover of X' , and Z' ®ai A is an index one cover Z of 



X by assumption. It follows that t^l^//^/ ®A' ^ ^x/A isomorphism 
for 1 < i < — 1. Now w^^^ commutes with base change for all i by 
assumption, thus u)-^, commutes with base change for 1 < i < — 1 



Remark 10.12 



using Lemma |8.5| (2). So commutes with base change for all i by 



Finally, li A' ^ A \s a. infinitesimal extension, there is a unique index 
one cover of X' /A' extending Z X/A — for such an index one cover 

Z' — > X' /A is determined by the choice of an isomorphism t^^j^j/^/ — Ox' 
extending a given isomorphism uj^^j^ — Ox and thus by a unit u ^ K = 

kev{H^{0^,) H^{0^)). Moreover multiplying u by for some v G K 
does not change the isomorphism type of the extension Z' — > X' /A' of 
Z —5- X/A. But we can always take A^th roots in K since A' ^ A is 
infinitesimal, thus Z' — > X' /A' is uniquely determined as claimed. The last 
part of the Proposition follows. □ 

Proposition 10.14. Let T be the spectrum of a DVR with generic point 
r]. Let X /T be a weakly Q-Gorenstein family of sic surfaces such that X^i is 
canonical. Then X /T is (J-Gorenstein. 

Proof. We may work locally at P £ X. Let n: Z ^ X he an index one 
cover. It is enough to show that the map ttq : Z ^ X of the special fibres is 
an index one cover of X, by Proposition 10.13. Now Z — tt~^(P) — > X — P 



extends to an index one cover Z' — > X, we need to show that Z is 5*2 to 
deduce Z = Z'. First, X sic and X^ canonical implies that X is canonical. 
For there exists a finite base change T' ^ T such that X' = X xj'T' admits 
a semistable resolution, then X' is canonical by Lemma 2.25. Using | KSB| ], 



p. 310, Lemma 3.3 we deduce that X is canonical. Now X canonical implies 
that Z is canonical, and canonical singularities are rational so in particular 
CM. Hence Z is CM since Z = {t = 0) C Z (where i is a uniformising 
parameter). This completes the proof. □ 



Definition 10.15. Let A^ C_ and let X j A be a Q-Gorenstein family of sic 
surfaces. Let T he a coherent sheaf on X. We define a complex A^qg'(^)' 
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in the derived category of coherent sheaves on X as follows : Let vr: 2^ — > 
^ be a local index one cover of X, a /xat quotient, where is the local 
index of X. Let C be a cotangent complex for Z/A. Define A4qg{J')' = 
{T:^nomo2{C.,T^*r)Y« locally. Now define r(*^(-Y/^, J^) =W{MQG{J'y) 
and Ty{X/A,r) = W{MQG{ry). 

Remark 10.16. Note that, since the functor {O^ modules} — > {Ox modules}, 
T I— > {'K^J-)^'^ is exact, we have 

locally. 

Remark 10.17. We have a local-to-global spectral sequence 
= HP{X,T^^iX/A,:F)) m\X/A,T) 

as above. 



Lemma 10.18. Let A G C_, let X /A he a Q-Gorenstein family of sic sur- 
faces, and T = Ox M, some finite A-module M. Then T^q{X/A,T) = 
T^{XIA,T). 

Proof. Let i : X^ ^ X he the inclusion of the locus where ujx /A is invert- 
ible. Let tt: Z ^ X he a local index one cover, a /xat quotient say, and write 
j: Z^ ^ Z for the inverse image of X^, then Z^ — s- X^ is etale. We have 
T^{X/A,r) = Homoxi^x/A,^) and iJ*T = T using Lemma |8.16| , thus 
i^i*T^{XlA,T) = T^{X/A,T). Similiarly, j^/rO(Z/A,7r*.F) = T° {Z / A, tt* T) , 
so, using T^q{X/A, J^) = {tt^T'^{Z/A, ■k*T)Y^, we find i^i^T^^^X/A, = 

r^Q^XjA.T). But T^^{XIA,T) and r^^XjA.T) agree on X^ , so we ob- 
tain our result. □ 



Theorem 10.19. Notation as in 9.4- Let Xq/Aq be a <Q-Gorenstein family 



of sic surfaces and X/A a Q-Gorenstein family of sic surfaces extending 
Xo/Ao. 

(1) There exists a canonical element o^jy{A') € Tqq{Xq/ Aq,Oxq®AqM) 
such that DefJ^^(yl') / iff ofj^{A') / 0. 

(2) If o^J^{A') = 0, Def^^(^') is a principal homogeneous space under 
Tl^ci^o/Ao,Oxo®Ao M). 

(3) Given a <Q-Gorenstein family X' /A' extending X/A, Autx/A^^' Z^') 
is naturally isomorphic to T^{Xq/Aq,Oxo '^-4o 



Proof. For the local case we use Theorem |10 . ^ together with Proposition 10.13| 



We may assume Aq is a local ring. Given a Q-Gorenstein family of sic sur- 
faces X/A extending Xq/Aq, take an index one cover Z — > X/A (a 
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quotient, say). This is flat over A and restricts to an index one cover 
Zq Afo/^o by Proposition |10.13| . Now, by Theorem 10.8| (1), there is a 



canonical element 02/Ai^') ^ ^^(^oMo) Ozq'SiaqM) such that 02/a{^') = 
iff Deiz/Ai^') 0- By functoriality of the obstruction map, we have 
oz/a{A') G T^{Zo/Ao, Oz, 0Ao = r2^(A'oMo, Oxo ®Ao M) using Re- 

mark |0T|. We define oJ^^(A') = Oz/a{A') S T2^(<YoMo, Ox, ®a, M). In 
order to show property (1) holds, we just need to verify that if Def^ /a(^') 



then Def^/^(y4')'^'^ 7^ 0, for by Proposition 10.13 we have a bijection 
Def2/A(^')^'^ ^^^%A^^') ~ Lemma |10.20| below. Property 



(2) follows immediately from Proposition 10.13| and Theorem 10.8| (2) since 



T^ci^o/Ao,Ox, ®Ao M) = T^{Zo/Ao,Oz^ ®a^ . Finally, (3) is a 



special case of Theorem |10.8| (3) 



The global case now follows formally exactly as for ordinary deformation 



theory using the spectral sequence of Remark 10.17 (we use Lemma 10.18 



to identify Tqq with , the sheaf of infinitesimal automorphisms). □ 

Lemma 10.20. Let A' ^ A be an infinitesimal extension in C_ with A local 
and IvP = 0, where M = ker(A' A). Let XjA he a family of local 
schemes, X' /A' a family extending X /A, and Z d X /A a family of closed 
subschemes. Suppose given a jsj^j action on {X,Z)/A which extends to a /x^r 
action on X' /A' . Then, if there exists an extension Z' C X' /A' of Z C X /A, 
there exists a -invariant extension. 

Proof. Write X = SpecP, X' = SpecP', and = J = (Fi, . . . ,Fjv) C 
P. Let J' C P' be an ideal defining a closed subscheme Z' C X' /A' 
(not necessarily flat over A') extending Z C X /A. Then Z' /A' is flat iff 
J' = {F[, . . . ,-Fjv) some liftings € P' of € P and every relation 

RiFi = 0, . . . , Rn G P, between the Pj lifts to a relation ^ P^P/ = 0, 
R[,... ,R'j^ € P', between the F^ (c.f. 

In our case, pick generators Pi, . . . , Pat of J which are fiN eigenfunctions 



(using [|KM|] , p. 219, Lemma 7.29). Pick fi^ eigenfunctions P{, ... ,F^ G P' 



lifting Pi, . . . , Pat. Let 

be exact. We define a /xat action on P^ (in the obvious way) such that 
P^ J is UN equivariant, and hence obtain a //at action on the module of 
relations R C P^ . We have a well defined map 

0: R-> M ®aP/J 
(Pi,... ,PAr)^ J^P'^i^', 

where R[ € P' are some lifts of the Pj. Here we first regard Y^^i-^l ^ 
element of M i^a P = ker(P' — > P) and then take its image in M ^a P/J- 
Then cp = iS Z' = {F{,... ,Fl^ = 0) C X'/A' is fiat over A', by the 
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criterion above. Thus there exists a flat extension Z' C X' jA! of Z C X /A 
iff 

(j) G im(Hom(P^, M P/J) ^ Hom(i?, M ®a P/J)) 
— for this is the condition that we can change the so that </> becomes the 
zero map. Now, by construction, ^\sa. jJL^ invariant element of Hom(i?, M^a 
P/J), so equivalently we require that 

(j) e im(Hom(P^, M P/ J)^^ ^ Hom(i?, M 0a P/jy). 

In this case we can replace the F/ hy eigenfunctions F- to obtain a /i^r 
invariant flat extension Z' C X' /A' . This completes the proof. □ 

11. Construction of the stack Md 

The aim of this section is to prove that the groupoid Aid defined in 
Section |2| is an algebraic stack. We use the theory of Artin | Arl | reviewed 



in Section ^ We do not work directly with Md, instead we define a related 
groupoid Fd which (roughly) has the same definition as Md except that we 
drop the smoothability assumption. We show that Fd is an algebraic stack 
(not necessarily proper in general) and then obtain M.d as a closed substack. 



We first verify that Fd satisfies the conditions of Theorem 3.12, and hence 
obtain local patches of the stack. The bulk of the work is giving a concrete 
description of D and constructing an obstruction theory O (Theorem 11.14[ ) . 



Given the local patches it's easy to show that Fd is an algebraic stack (we 
just need to show that Fd is 'relatively representable'). 

One might think that we could construct M.d as a quotient of some locally 
closed subscheme of a Hilbert scheme of pairs {X,D). However, we do not 
know that the base change conditions for {X,T>)/S € Md{S) are locally 
closed (c.f. Theorem 3.8 and Remark |8.1[1| ). Thus we cannot obtain Md in 



this way. 

Definition 11.1. Let X be a proper connected surface. Let D be an effec- 
tive Weil divisor on X. Let d € N, d > 4. {X,D) is a quasistable pair of 
degree d if 

(1) There exists e > such that Kx + (| + is sic and ample. 

(2) dKx + 31? ~ 0, and moreover j^Kx + I? ^ if 3 | d. 

(3) 3 /indexD if 3 )(d, H^{Ox{D)) = 0, and x{Ox) = 1- 
Lemma 11.2. A stable pair is quasistable. 

Proof. We just need to show that the smoothability property for a stable 
pair {X,D) of degree d gives 3/indexD if 3 )(d, H^{Ox{D)) = 0, and 
x{Ox) = 1- First note that trivially x(C'x) = ^(C'pa) = 1 if X admits a 
smoothing to P^. 

If 3 )(d the only possible singularities of X are of local analytic types 
^(l,no — 1) where 3 /n and [xy = 0) C ^(1,-1, a) (using Theorem 13.1 , 
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Theorem 3.12| and Lemma |7.4| ) . In the second case dKx + 3-D ~ shows 



3 /r. Thus 3 /index D. 

We now prove i^^CxP)) = 0. First note that /i^ (Ox =h\OxiKx - 
by Serre duahty, and —{Kx — D) is ample. We have an exact sequence 

^ Ox{Kx -D)^ Ox^ii^^Kx - D)) ^ 0^{[Kx - D\^\) 

where z^: X'^ — > X is the normahsation of X, and A — > A is the normahsa- 
tion of the double curve A of X. We obtain a short exact sequence 

^ Ox{Kx -D)^ Ox^ii^^Kx -D))^J^^O 

where ^ 0^{[Kx — D\^\). In particular, since —{Kx — D) is am- 
ple, we have H^{J^) = 0. Thus the long exact sequence of cohomology 
associated to the short exact sequence above gives H^{Ox{Kx — D)) ^ 
H\Ox-{i^*{Kx - D))). If X" is Mt, then H^{Ox-{i^*{Kx - D))) = 



by Kodaira vanishing. Otherwise, X is an elliptic cone by Theorem 3.1C 



and Theorem [7.2| , and 3 | d, -D ~ —^Kx- An easy calculation shows that 
(Ox (£»)) = in this case. □ 

Definition 11.3. We say that {X,'D)/S is a family of quasistable pairs of 
degree d over S if Af is a flat family over S, D C X is a relative Weil 
divisor over S, and for every geometric point s of S, the fibre (Afs,2?(g)) is a 
quasistable pair of degree d. We say that {X,V)/S is an allowable family if 
^^x/s commute with base change for all i G Z. 

Definition 11.4. We define a groupoid over Sch as follows: For S € Sch 
let 

Fd{S) = { Allowable families of quasistable pairs of degree d over S}. 

Remark 11.5. We also regard as a groupoid over the category C_ of noe- 
therian C-algebras without further comment. 

Lemma 11.6. Aid is a subgroupoid of F^ 



Proof. This is immediate from Lemma 11.2 — Ai^ C F^ is the subgroupoid 



of smoothable families. □ 

In what follows, we suppress the degree d to simplify our notation. 

Proposition 11.7. Let T be the spectrum of a DVR with generic point r]. 
A family {X,T>)/T of quasistable pairs such that X^j is canonical is allowable 
iff Kx/T o^f^d V are Q-Cartier. 

Proof. The 'only if part follows from Lemma p. 22 . So, suppose given a 



family {X ,'D)/T of quasistable pairs such that X^j is canonical and K;^ IT ^"^^ 



V are Q-Cartier. Then X/T is a Q-Gorenstein family by Proposition 10.14 . 
Let Z ^ X he an index one cover, with special fibre Z ^ X an index one 
cover of X. Since V is Q-Cartier, and Dz = ttqD is Cartier (using dKx + 
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3-D ~ and 3 /index D), we have "Dz = tt*T> C artier, using Lemma 8.25. It 
follows that V ~ jKx/T locally, some j € Z, hence OxiiT^) commutes with 
base change for all i. Thus {X,'D)/T is allowable as required. □ 



Lemma 11.8. For A ^ C_, {X,'D)/A € F{A) iff the following conditions 
are satisfied: 

(1) X/A is a Q-Gorenstein family of sic surfaces. 

(2) T> d X is a codimension 1 closed suhscheme, flat over A. 

(3) (A's, P^g-j) is a quasistable pair of degree d for every geometric point s 
ofS. 

(4) Vg = for every geometric point s of S. 

Here T>s is the scheme theoretic fibre ofV over s, and 'D(s) is the restriction 
of V to the fibre Xg defined by taking the double dual of the ideal sheaf of 

Vs. 

Proof. Given {X,'D)/A e F{A), V is flat over A and Vg = V^g) for all s by 
Lemma ^.19 . The other conditions are satisfied by the definition of F. 



Conversely let {X,'D)/A satisfy the conditions (1) to (4). We claim that 
{X, V) I A G F{A). Note that P is a relative Weil divisor (c.f. Example |]2l|) . 



It is enough to show that OxiiF)^ commutes with base change for all i G 



By Lemma qJ, we may assume that A is a local Artinian ring. So, by 
induction, it is enough to show the following: Let ^ be a local ring with 
residue field k and A' ^ A a small extension (i.e., the kernel J of A' ^ A 
is annihilated by the maximal ideal of A). Suppose given {X,'D)/A € F{A) 
and {X' ,'D')/A' extending {X,'D)/A which satisfies conditions (1) to (4). 
Then {X',V')/A' G F{A'). 

We work locally on X' . Let n' : Z' ^ X' be an index one cover (a /x^v 
quotient, say), tt: Z ^ X the index one cover obtained by restriction to A, 
and T>z = vr*P. Given an invariant extension Dz' C Z' of T>z C Z we 
obtain an extension V = {'Dz'/fJ-N) C X' of T> C X . We claim that every 
extension V C X' of T) C X occurs in this way. Let ttq: {Z,Dz) {X,D) 
be the special fibre of vr: (ZjVz) (X,!)). Then Z ^ X is an index 
one cover, and since dKx + 3-D ~ and 3 /index -D we have Dz Cartier. 
Thus Dz has unobstructed embedded deformations (locally) and the ex- 
tensions T>z' C Z' of Vz C Z form a prinicipal homogeneous space under 



Ilomz(lDz: C>Dz) ®k J (using Theorem |ll.ll| ). There exists a ixn invariant 
extension by Lemma |10.20| , hence also D has unobstructed embedded de- 
formations (locally) and the extensions V'dX'ofDdX form a prinicipal 
homogeneous space under Homx(2^D) Cd) ®k J ■ To prove our claim, we just 
need to identify the sheaves (iro^TiomzilDz j ^Dz)Y^ ^"^^ T~lomx{lD, Od)- 
We have the exact sequence 

applying the functor Tiomxi^D-, ■) we obtain 

^ Ox ^ Ox{D) ^ HomxilD, Od) ^ £xt\{lD,TD) ^ • • • • 
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Now £xtx{^D,'^D) = £xtx{Ox, Ox) = 0, since Zd is invertible in codimen- 
sion 1 and Hence we have a short exact sequence 

O^Ox^ Ox{D) ^ HomxiTo. On) ^ 0, 

and simiUarly 

Q^Oz^ Oz{Dz) ^ nomz{TDz,OD^) ^ 0. 

Applying the exact functor (vro^(-))'^^ to the last exact sequence we obtain 

^ Ox ^ Ox{D) ^ {T:o,nomz{TDz,OD,))^'' ^ 0, 

thus {TTQi^l-Lomzi^Dz^ Odz))^^ = Ti-omxi^D-, Od) as required. So, given an 
extension P' C A"' of P C A", it is obtained from an extension Vz' C Z' of 
Vz d Z hy taking the ;U7v-quotient. In particular, Dz' = tt'^V is Cartier. 
Thus locally D' ~ jK;Y'/A' ^or some j, hence Ox'iiT^') commutes with base 
change for all i G Z as required. □ 



Theorem 11.9. Let A e C and {X,V)/A G F{A). The forgetful map of 
functors ( of infinitesimal extensions of A) 



F{x,v)/A Def 



is smooth. 



Proof. Given an infinitesimal extension A' ^ A in C_ and a Q-Gorenstein 
family X' /A' extending X /A^ we need to show that there exists an extension 
V <Z X' oi T) d X (using Lemma |11.8D . By the proof of Lemma 11. S there 



are no local obstructions. We may assume that A is local and yl' — > ^ is 
a small extension. Let A have residue field k and write {X,D)/k for the 
special fibre of {X, 'D)/A. Then the obstruction to extending V C X to some 
V C X' lies in Ext^(2'D, Ox) by Theorem pTTl| (l). Moreover, since there 



are no local obstructions, using the local-to-global spectral sequence for Ext 
we see that the obstruction lies in H^{7{omx{TD, Ox))- We have an exact 
sequence 

O^Ox^ Ox{D) ^ HomxilD, Od) ^ 
(see the proof of Lemma |11.8D . Now H^{Ox{D)) = by assumption, and 
h^{Ox) = h^{Kx) = since -Kx is ample, thus H^iHomxilD, Ox)) = 0. 
So the obstruction is zero, and there is an extension V' C X' T> C X as 
required. □ 



Notation 11.10. Let A' ^ A he an infinitesimal extension in C_, X/A a 
family of schemes over A, Z C X /A a. family of closed subschemes, and X' /A' 
a family extending X/A. Write 'Ejmb(^x,z)/A{'^' /^') for the set of embedded 
deformations of Z/A over A' inside X' /A' . Write ^Tab^x.z)/A{'^' /^') foi' 
the quotient of Emb(;^'^2)/A('^V^') the action of Aut;t'/A('^'/^')- Given 
Z' C X' /A' extending Z C X/A, write ku.\x,z)/A{{X',Z,')/A') for the 
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group of automorphisms of {^X.' ^Z'~)l N over A' which restrict to the iden- 
tity on Given ^ ^ S in C, we also write Yra^(^x,z)IA{^') fo'^ 
Emb(^^2)M('^ ®A B/B), simiharly for Emb(^_2)/A ^"^^ Aut(A',2)/A- 



Theorem 11.11. Notation as in 9.4- Let Xq/Aq be a family of schemes 



X /A a family extending Xq/Aq, and X' /A' a family extending X/A. Let 
Zq C Xq/Aq be a family of closed subschemes, and Z C X /A a family of 
closed subschemes extending Zq C Xq/Aq. 

(1) There is a canonical element 0(^x.z)/a{^') ^ Ext;^!^ (I^g , O^q M) 
such that o^x,z)Ia{^) = iffY.x^\x,z)IA{X' jJ^) / 0. 

(2) If 0(^x.z)IA^-^^ = 0; '^^^{x,z)/a{'^' /^') ft principal homogeneous 
space under Rornxoilzo, C>Zo ^Ao M). 



(3) We have a natural map 

0: Aut;toM(^o + M) ^ Romxo{Izo,Ozo (^Ao M) 

which identifies the action of Autxg/Ai^o+M) onEmb(^Xo.ZQ)/Aoi^o + M) 
in terms of the action of Kouixq {I Zq^^Zo ®Ao M). 

If Emb(^ 7^ ^! ^-^ ^ principal homogeneous space 

under coker cj). Given a family of closed subschemes Z' C X' /A' ex- 
tending Z C X/A, Aut(^x,z)/A{{^':^')/A') is naturally isomorphic 
to kerd). 



Proof. For (1) and (2) see |Ko4|, p. 28, Proposition 2.5 (in fact only the case 



Aq = k, A local is treated in |Ko4|, but the same argument proves the general 
case). We now prove (3). If Emh(^x, z)/a{A') 0) it is a principal homo- 
geneous space under KornxQilzojOzo 'S'Ao by (2)- Now Autx/Ai-^' /^') 
acts on FiUihi^x ,z)/a{^') 1 so we obtain a homomorphism 

Autx/Ai^'/A') ^ Romxoiizo, Ozo ®Ao M). 

In the case A = Aq, A' = Aq + M, X' = XCS)aA' we obtain the map (j) above. 
We have a natural isomorphism Aut_;t'/A('^'/^') — ^'^^Xo/Aoi^o + by 
Theorem 10.8| (3), which is compatible with the maps to IIom;t'y (X^o ) ^Zq ®Ao M). 



The result now follows. □ 

Definition 11.12. Given A e C, M a finite yl-module and {X,'D)/A G 
F{A), define 

T\{X, V)/A, Ox ®A M) = Ant(x,v)/A{A + M), 

and 

T^gH^, T^)/A Ox ®a M) = F^x,v)/a{A + M). 
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Lemma 11.13. Notation as Defimtion \ll.l^ . The setsT^{{X ,V) / A,Ox®A 
M) and Tqq{{X ^V) / A, O X (E>a ) have natural A-module structures, and, 
writing J- = Ox ®A M , we have an exact sequence of A-modules 

Q^T\{X,V)/A,T) ^T\X/A,J^) ^YLomx{lv,Ov »a M) ^ 

^ r<ic((^,P)M,-^) - Tl^GiX/A,T) ^ 0. 

Proof. We have T^{X/A, = knix/Ai^ + M) and Romx{Iv, Ov^M) = 
'Emh(^x,T>)/Ai^ + ^^): so we have a natural map 

0: T^{X/A, ^) ^ Hom;t(2"o, «) M) 



with kernel r°((A',P)/A,J^) = Aut(;t.^2,)/^(A+M) and cokernel Emb(;i.,D)/A(-4 + M) 
(compare Theorem |11 .111 (3)). In particular, T'^((,^,I?)/74, J^) is an ^-module, 
moreover T^{{X,T>)/A,J^) = F(^x,v)/Ai^ + is an A-module since the 
functor F satisfies Artin's criterion Sl(b). Now T^diX, V)/A, T) = F(^x,v)/a{^ + M) 
and Tqq{X / A, !F) = Def^^(74 + M) so we have a natural map 



with kernel ^m}oi^x,'D)/A{-^ + -^) by Lemma 11. 8| . Finally, ip is surjective by 



Theorem 11.9. □ 



Theorem 11.14. Notation as in^^. Let {Xq^Vq) / Aq G F{Aq) and{X,V)/A € 
F{Xo,Vo)IAo{^)- 

(1) We have F^^x,v)/a{A') + ifS ofi^{A!) / 0, where ofi^[A!) e 
Tqq{Xq/Aq,Oxo is the canonical element constructed above. 

(2) Ifo^^'^^{A') = Q,F^x., V)/a{A') is a principal homogeneous space under 
T^c{{Xo,Vo)/Ao,Oxo (^Ao M). 

(3) Given {X',V')/A' G F^x,v)/a{A'), knt^x,v)/A{{X\V') / A') is natu- 
rally isomorphic to T^{[Xq,Vq) / Aq,Oxo ®Ao M). 



Proof. Property (1) is immediate from Theorem 10.19| and Theorem 11. 9| — 
because the forgetful map F(^x,v)/A ^^^x/A smooth, the obstruction 
theory for Def^*^ gives an obstruction theory for F. 

We have a natural map : F(^x,V)/a{^') ~^ ^^^'x^A^^'^ which is surjective 
by Theorem |1L|. Assuming o'}^JA') = 0, Def J^,(A') is a principal homo- 



X/A^^ ' ~ ^^'■X/A'^ 
geneous space under TI^(.{Xq/Aq, Oxo OAo M) by Theorem pM9| (2). More- 
over, given [X'/A'] G Bei^'j^{A'), ip-^{[X' /A']) is the set E^^ib(;t,©)M('^'M')• 
This is a principal homogeneous space under coker (p, where 

(A: T^{Xo/Ao, Oxo »Ao M) ^ Romxo{Fvo,Ovo) 
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as in Theorem |11.11| (3). Now, the set F(^x,v)/a{'^') has a natural action 
of %o,7?o)Mo(^o + M) = T^(.{{A:o,Vo)/Ao,Oxo (^Ao M), since the func- 
tor F satisfies Artin's criterion Sl(b). This action is compatible with the 



actions just described via the exact sequence of Lemma 11.13, it follows that 



F{x,v)/a{^') is a principal homogeneous space under Tqq{{Xo,T)o)/Aq,Oxo "^Aq 



as required. Finally, property (3) is a special case of Theorem 11.11 (3). □ 

We can now identify the functor D and an obstruction theory O for our 
groupoid F. Given {Xq, 'Dq)/Aq G F{Aq) and a finite ylo-™odule M we have 

^(A-o,©o)Mo W = ^(A-o,©o)Mo(^o + M) = T^Gii^o,'Do)/Ao,Oxo ®Ao M) 

usmg Theorem pn^ (2). Next, given an extension A — > Aq in C_, (A^, T)) j A G 
F{^A) and a finite Ao-module M, define 

Oi^x,v)iA{M) = Tla{Xo/A^,Ox, ^Ao M). 

Given an extension A' ^ ^4 of A by M, define 

OiX,V)/A{A') = ofj^{A') e 0(;,,I5)m(M). 



Then, by Theorem 11.14| (1), these data give an obstruction theory for F. 



We are now ready to prove the existence of (algebraic) formally smooth 
deformations oi F — roughly, these provide the local patches of an algebraic 
stack. 

Theorem 11.15. Given {X,D) € F(C), there exists an algebraic ring R 
with a closed point G Spec{R) and {X,'D)/R e F{R), formally smooth 
over F, such that {Xq^Vq) = {X,D). 



Proof. The theorem is obtained by applying Theorem j.l2 to our functor 
F. We verify the conditions of the theorem in Lemmas |11.20|, |11.21|, |11.22|, 



and 11.23| below. □ 

Lemma 11.16. Let {X,V)/A G F{A), A G C_ then uj[^^ defines a projec- 
tive embedding X ^ j A for G N sufficiently large and divisible. 

Proof. We have that —K^ /a is Q-Cartier and relatively ample using Lemma |8. 22 
and the base change property for t^^^/^, i G So, taking a sufficiently 
large and divisible multiple of —K^/a^ obtain a projective embedding of 
X/A. □ 

Remark 11.17. Note that it is not necessarily true that there exists N such 
that for every {X, T>)/A G F, the sheai uJ^^^J^ defines a projective embedding 
of X/S. The point is that F defines a stack which is only locally of finite 
type, i.e., we may require infinitely many patches. However, if we restrict 
ourselves to smoothable pairs, i.e., if we consider the stack Add C F^, we 
can show that there is such an N (using the bound on the index provided 
by Theorem 2.11| ), and deduce that Add is of finite type (Theorem |11.25 ). 
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Lemma 11.18. Given {X,V)/A and {X',V')/A G F{A), A G C, the func- 
tor 

IsoiqaUX, V), {X', V')) : C\A (Sets) 
B { Isomorphisms (p: {X,V) ®aB ^ {X\V') ®a B} 
is represented by a quasiprojective scheme ]somy^{{X,'D),{X' ,1)'))/ A. 

Proof. We have a canonical polarisations ^^^^^j^ and on X/A and 

X' /A' for some E N, and so by [|Gr| we know that the functor 



IsomA(<^, X') : C\A (Sets) 
B { Isomorphisms (f): X ®a B ^ X' (^a B} 
is represented by a quasiprojective scheme Isom^(^, Af')/yl. It is then 
easy to construct ]somj^({X ,1)), (X' ,'D'))/A as a locally closed subscheme 
of lsom ^(X.X')/A. □ 

Lemma 11.19. (Open loci results) 

(1) Let X/S be a projective family of surfaces and D C X a codimension 
1 closed subscheme, flat over S. Let S' C S be the locus of points 
s (z S such that 

(a) Xg is CM, reduced and Gorenstein in codimension 1. 

(b) Vs = T^(s) o,nd T^[s) Gartier in codimension 1 

Then S' C S is open, V = D Xs S' is a relative Weil divisor on 
X' = X xg S'/S', and uJx' js' corresponds to a relative Weil divisor 
Kx^ISi on X'/S'. 

(2) Let X/S be a projective family of GM reduced surfaces, Gorenstein in 
codimension 1, and V a relative effective Weil divisor on X . Suppose 
that ^^^jg and O^iil^) commute with base change for all i € Then 
the locus S' C S where the geometric fibres of X/S are quasistable of 
degree d is open. 



Proof. (1) The locus where the fibres Xg are CM is open by [Mat], p. 177, 
Corollary to Theorem 22.5. Xg \s reduced iff it is regular in codimension 
— this is an open condition. Since oJx/s commutes with base change, the 
requirement that Xg is Gorenstein in codimension 1 is open. The condition 
Vg = Vf^g-^ is equivalent to requiring that the sheaf Ox^—T)) (8> k[s) is 5*2, 



which is an open condition, again by [ Mat ] (note that Oxi—T)) is flat over S). 
Assuming this is satisfied, the natural map Ox{—T>) ®k{s) — > Ox{—T>(g)) is 
an isomorphism, thus the condition Cartier in codimension 1 is open. 



Hence S" C 5 is open as required. Using Lemma 3.16 we deduce that T>' 



and Kx' IS' are relative Weil divisors. 

(2) It is enough to show the following: Let T be the spectrum of a DVR 
with generic point ry and closed point = Spec(fc). Let {X, T>)/T be a family 
of pairs such that ijJ^^jrp and OxiiT') commute with base change for all i € Z, 
and such that the special fibre {X,D)/k is quasistable of degree d. Then 
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{Xri, '^ri)/v is quasistable of degree d. Clearly Kx^ + (i + ^)'^v ample, and 
it is also sic by Lemma 2.25| . We are given dKx + 3Z) , we claim that 



this implies dKx^ ~ — the essential point here is that H^{Ox) = 0, 

so Pic X is discrete. To prove the claim, observe that dKx + is Cartier 
by Lemma ^.22 and Lemma 8.25, and the restriction map Pic(A') Pic(X) 



is an isomorphism (c.f. Proof of Lemma |5.5| (1)). Thus dKx + 32? ~ 0, and 
restricting to the generic fibre we obtain our result. We similiarly obtain 
^Kxr, + ~ in the case 3 | d. If 3 /d then we are given 3 /index!?, now 
index 2?^ | index 2? = index I? using Lemma |8.25| , it follows that 3 /index P^. 
Given H'^{Ox{D)) = 0, it follows that H'^{Ox^{'D^)) = by semicontinuity 
(using the base change property for Ox{T^)-, note that Ox{T^) is flat over 
T by Lemma |8.6D . Finally, x(C'x) = 1 is trivially an open condition. This 
completes the proof. □ 

Lemma 11.20. F is limit preserving. 

Proof. Let {Ai\i^i be a direct system in C_ such that the limit A ='™ Ai 
lies in C_. Suppose given {X,V)/A S F{A), we need to show that this is 
obtained from some {X'^,V'^)/Ai e F{Ai) by pullback. 

We know that X /A is projective, fix an embedding X ^ P^. Then X /A 
is obtained by pullback from some projective flat family X^/Ai for some 
i £ I (since Hilbp(P^/C) is of finite type, where P denotes the Hilbert 



polynomial of the fibres of X/A). By Lemma 11.8 we have that D C ^ is 
a codimension 1 closed subscheme which is flat over A. It follows (since 
Hiihg^X^ /Ai) is of finite type, where Q denotes the Hilbert polynomial 
of the fibres of V) that there exists j £ I such that Spec Aj — > Spec^j, 
and {X^,V^)/Aj G nilbQ{XyAi){Aj), such that {X,V)/A is obtained from 



(X^ ,'D^)/Aj by pullback to A. By Lemma 11.19(1), we may also assume 



that each fibre Xi is CM, reduced and Gorenstein in codimension 1, and 
that and Kxi /Aj are relative Weil divisors. 

We now analyse the push forward and base change conditions. Let J-^ be 
a coherent sheaf on an open subset V : W ^ X^ /Aj, flat over Aj, and 
i:U^ X/A the corresponding objects obtained by pullback to A. We are 
interested in the cases 

(1) = ^'^j/j^. where W C X^ is the locus where ojxi /Aj is Cartier. 

(2) J^^ = Oi/j{n'D^), where C X^ is the locus where is Cartier. 

Assume that the push forward of J-" commutes with base change, and that 
j^p-pP jg coherent for each P S Spec A. We work locally at P € Spec^, 
say P ^ Q £ Spec^j. The natural map i^T — > i^T^ is surjective, so pick 
a finite set of elements of T which generate i^T^ over Oxp (recall i^T^ 
is assumed to be coherent). Since T = these are defined over 

some Afc where Spec^fc Spec^j. Write , i^:U^ ^ X^ /A for the 
objects obtained by pullback from Aj to A^^ and say P R SpecA^. 
Then, by construction, we have that i'^T^ — > i^F^ is surjective, hence by 
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Lemma |8.5| (3) the push forward of J-^ commutes with base change in a 
neighbourhood of R, which we may assume is SpecA^. 



As in Remark 10.12, we only need to consider a finite number of sheaves 
JF. Thus there exists /c € / such that SpecA^ — > Spec^j and, writ- 
ing {X^,V^)/Ak for the pullback of {X\V^)/Aj, the sheaves t^fi/^^ and 

O pi>k{nD^) commute with base change for all n G Z. 

Finally, by Lemma [TL19| (2) we may assume that every geometric fibre 



of {X\V^)/Ak is quasistable. Then {X'',V^)/Ak is an element of F{Ak) 
This completes the proof of the lemma. □ 

Lemma 11.21. F satisfies conditions (Sl)(a),(h) and (S2). 
Proof. Let 

B 

i 

A' ^ A 

be a diagram in C_ as in the statement of condition (SI) (a). Write B' = 
A' xaB, then B' is an infinitesimal extension of B. We need to show that 
FaiB') FaiA') X FaiB) is surjective for a € F{A). So, let (Af^/, P^OM' ^ 
F{A') and {Xb,Vb)/B G F{B) be families which extend some {Xa, Va)/A G 
F{A). Define [Xb'^T>bi) as follows: let sp(^Yb/,Pb') = sy>{Xb.,T>b) ( where 
sp denotes the underlying topological spaces), and Oxg, = ^x^, ^Ox ^Xbi 
Ox>g, = ^Vjyi ^o-v^ ^Vb- Then [Xb' ^Vb')/ B' is a flat family of pairs ex- 
tending {Xa' jT^A/y/A' and {Xb,'Db)/B (to prove flatness, use [^ch[| p. 216 
Lemma 3.4). Thus, by Lemma |ll.8| , we only need to verify that Xb'/B' 
is a Q-Gorenstein family to obtain {Xb' ,'Db')/B' G F(B') as required. To 
see this, take an index one cover Zb Xb, this gives an index one cover 



Za — > Xa on restriction to A by Proposition |10.13| , extend this to an index 
one cover Za' — > Xa'- Define Zb' by Ozg, = C>z^, ^Ozjy as above, then 
Zb' — > Xb' is an index one cover extending Zb Xb and thus Xb' /B' is a 



-Gorenstein family by Proposition 110.13 as required. 



Suppose given {Xo,Vo)/Ao G F{Aq), an extension A ^ Aq in C_, a finite 
Ao-™odule M, and {X,T))/A G -F'(a'o,X'o)Mo(^)- The condition (Sl)(b) states 
that the natural map 

^(;^,c)/a(M) ^^(A'o,©o)Mo(Af) 
is an isomorphism. By Theorem |11.14| (2), each side is naturally identified 
with Tgg,((Ao, I?o)/^0) C'a'o "^Aq -^)) so the map is an isomorphism as re- 
quired. Finally, the finiteness condition (S2) for D(^Xo,Vo)/Aoi^) is obvious 
from the construction of the module Tq(j{{Xo,Vq)/Aq,Oxo '^Aq using 
the properness of Xq/Aq. □ 

Lemma 11.22. For A a complete local ring in C_, the map 

F{A) F{A/mJ') 
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is bijective. 

Proof. Write An = A/m^. An element of <^ F(An) is a sequence of compat- 
ible families (A'„,P„)/A„ G -F(A„). This defines a pair of formal schemes 
(X, S))/SpfA, where Spf denotes the formal spectrum. We have a line 
bundle £ on X such that the restriction to the special fibre is ample, e.g. 

C =^ where N = index Aq. By Grothendieck's Existence Theorem 



( pGA |, III. 5. 4. 5), {X,D) is the completion of a proper pair {X,'D)/A along 



the fibre Xq- We claim that {X,'D)/A G F{A). First observe that w^'^^ and 
C';f (2?)W commute with base change for all i G Z by Lemma |8.7|(3). Then, 



by Lemma 11. 1£, the set of points 



{P G Spec A I The geometric fibre of {X,'D)/A over P is quasistable } 

is open. But it contains the closed point by assumption, hence it is the 
whole of SpecA. Thus {X,'D)/A G F{A) as claimed, so the map F{A) 
F(A/m"') is surjective. 

Now suppose given {X, 'D)/A and (Af', 'D')/A G F(A) which give the same 

element of <^ F(A/m"), i.e., we have compatible isomorphisms 

(/)„ : {X, V) 0^ An {X\ V') 0^ An 
for each n G N. Equivalently, using Lemma |ll.lg| , we have compatible maps 

Spec A, ^ Isom^((A', V), {X' ,V')), 

and thus a map 

Sped ^ Isom |(f;f ■ V). (X'. V')), 

so there is an isomorphism (j): {X,T>) {X\T>') over A extending the (pn • 
Thus the map F{A) F(A/m") is injective. □ 



Lemma 11.23. D and O satisfy the conditions 9.1(\ for algebraic A, B & C_. 



Proof. (1) Let A — > i? in C be etale (in fact we only require A ^ B flat). 
Given a flat family of schemes Z/A and a coherent sheaf ^ on 2 we have 
natural isomorphisms 

T\z/A, g)®AB^ r\z ®A B/B, g ®a b) 



by [LS|, p. 50, 2.3.2, using A ^ B flat. Given a Q-Gorenstein family of sic 
surfaces X /A and a coherent sheaf J- on X ^ let ^ ^ be a local index 
one cover (a quotient, say), then 

Ti^G{X/A,T) = {^a\ZlA,^*T)r- 

by Remark 10.1(j . Thus we obtain 



Tqci^lA, T)®aB^ T4g(<^ ®a bib, T ®a B) 
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by applying (vr^-)'^'^ to the natural isomorphism above with Q = vr^JT. By 
[Har|, p. 255, Proposition 9.3 we have natural isomorphisms 

for any quasi-coherent sheaf 7i since ^ ^ i? is flat. Thus 

(a) Ty{X/A, T)®aB^ TQciX ®a B/B, T ®a B) 

for each i, using the spectral sequence of Remark 10.17 and flatness of A — > 
B. Also, given coherent sheaves Q on X, we have 

(b) Hom;^(.F, g)^AB^ Romx^^B{:F ®a B, Q ®a B) 

since A ^ S is flat (pa^], p. 52, Theorem 7.11). 

Now suppose given A ^ w\ extension in C, (Afo,I'o)/^o ^ -^(^o); 
[X^V^jA € -F(A'o,X'o)/Ao(^) ^i^'i ^ finite Ao-module. Since 

0^x,v)Ia{M) = Tla{Xo/AQ,Ox, ®a, M), 

we see that O commutes with etale localisation by (a) above. Using the 
exact sequence of Lemma |11.13| together with (a) and (b) above we find 
that D(^Xo,Vo)/Ao{M) = Tq(.{{Xo,Vq)/Ao, Oxq ®Ao M) commutes with etale 
localisation. 

(2) We need to show that, given oq € F{Aq), M a finite ^o-™odule, and 
m C A a maximal ideal, we have 

By (1), we may assume that Aq = Aq, then we need to show 

Da,{M) d^Da,{M/m^M), 

that is, 

FaMo + M) Fa,{Ao + M/mJ'M). 
This is a result in the style of Lemma |11.22| , and is proved in the same way. 

(3) We may assume that is an integral domain, since we are given that 
Aq is reduced, and D and O commute with etale localisation. 

We first show that, for A integral, and X /A a family of schemes over A, 
there is an open affine subset Spec^ C Spec^ such that if A ^ i? is a 
morphism in C_ which factors through A ^ A, then the natural maps 

T'{X/A, T)®aB^ T\X ®a B/B, T ®a B) 

are isomorphisms. Recall the construction of the T*: 

where C. is a cotangent complex for X /A, and T* is obtained via the spectral 
sequence 

El'' = HPiT") =^ TP+''. 

If C. is a cotangent complex for X/A, then given A ^ B, C <Sia B is a 
cotangent complex for X 0a B/B (Q, p. 47, 2.2.1(c)). Recall that, for 
a coherent sheaf on X/A (of finite type), where A integral, there is a 
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non-empty open affine subset Spec^l of Spec^ such that J^iSiaA is flat over 
A ( [|Mu| , Lecture 8, p. 57). It fohows that, given coherent sheaves !F,Q 
on X/A, there exists an open affine subset Spec^ C Specj4 such that the 
natural map 

nom{T, Q)®aB ^ nom{T ®a B, G (g)^ B) 

is an isomorphism whenever A ^ B factors through A ^ A (compare the 
proof of [ Matfl , p. 52, Theorem 7.11). Thus, in our case, there is an open 
affine subset Spec A C Spec^l such that the natural maps 

nom{Cj,T) ®aB ^ Hom{Cj ®a B, T ®a B) 

are isomorphisms for all j and all ^ ^ A ^ i?. Similiarly, shrinking Specj4 
if necessary, we may assume the natural maps 

W[nom{C..,T)) ®aB^ W{Hom{C.,T) (g)^ B) 

are isomorphisms for all q and aW A ^ A ^ B. So combining, we have 
isomorphisms 

T'iiX/A, J')®aB^ T1{X (^a B/B, T ®a B) 

for all q and all A ^ A ^ B. Next, we may assume that the natural maps 

HP{T'') 0aB^ HP{T'i ®A B) 

are isomorphisms for all p, q and A ^ A ^ B^hj the theory of cohomology 
and base change for projective morphisms (see e.g. |Hai], III. 12, in particular 
p. 288, Corollary 12.9), thus 

HP{T'i{X/A,T)) ®aB^ HP{T1{X ®a B/B,T®a B)). 

Finally, we may assume that we obtain 

TP+''{X/A,T) ®aB^ TP+'^{X ^aB/B,T0aB) 

using the local-to-global spectral sequence, by imposing certain flatness re- 
quirements. 

The same argument shows that the Tqq(X /A,J^) commute with base 

changes A ^ A ^ B for some A, where X/A is a family of sic surfaces. We 
use the local identification 

T^g{^/A,J-) = {TTa\Z/A,^^F)Y- 

where vr: Z ^ X \s a. local index one cover which is a /x at quotient. 
We use the exact sequence of Lemma 11.12 to show that Tqq{{X, J)) /A, 

commutes with base changes A ^ A ^ B for some A. We may assume that 
the modules T^{X/A,T), I{omox{Iv,Ov ®A M) and T^(.{X/A,J') com- 
mute with base changes A ^ B factoring through some ^ — > ^ by the above, 
and if we assume some flatness conditions we obtain that Tqq({X, 'D)/A, T) 

commutes with base changes A ^ A ^ B using the 5-lemma. 

Thus, given integral, M a finite Ag-module, and A ^ Aq an exten- 
sion, D^Xo,v,)/Ao{M) = T^c{{Xo,Vo)/Aq,Ox, ®a, M) and 0^x,v)/a{M) = 
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Tqq{Xq/ Aq^Oxq ®Ao M) commute with base changes Aq ^ Aq ^ Bq for 
some open affine subset Spec^do C Spec^do- This completes the proof. □ 

Theorem 11.24. F is a Deligne-Mumford algebraic stack, locally of finite 
type over C. 

Proof. First, it is clear that F defines a stack. The only non-trivial point 
is that etale descent data for F are effective — this follows since for each 
S G Sch and {X,'D)/S € F{S) we have a canonical polarisation for 
some e N. 

By Theorem |11.15| , we can construct a scheme V locally of finite type 
over C and v G F{V) such that the morphism of stacks y_ ^ F is smooth 
and surjective. The construction is as follows: For every (X,D) € F{C), 
let R be an algebraic ring with a closed point G Speci? and {X,T>)/R G 
F{R), formally smooth over F, such that (Xqj'Dq) = (X,D). Let V be the 
disjoint union of the schemes Speci?, and v G F(y) the union of the families 
{X,V)/R. 

We have that the diagonal F ^ F xF is representable, quasicompact and 
separated, i.e., for every S and every pair of elements {X, V) / S, {X' , V) /S G 
F{S), the functor 

lsoms{{X,V),{X',V')): {Schemes/ S) {Sets) 

T ^ { Isomorphisms (j): {X ,V) XsT ^ {X',V') XsT} 

is represented by a scheme which is quasicompact and separated over S. For 
Isom5((^, V), {X' ,'D')) is represented by a scheme Isom g((Af, V), {X' , 'D'))/S, 
quasiprojective over S, by Lemma 11.1^ . Thus F is an algebraic stack, lo- 



cally of finite type over C. 

Finally, we claim that F is a Deligne-Mumford algebraic stack, i.e., there 
exists a scheme V locally of finite type over C and v G F{V) such that 
the morphism of stacks F — s- F is etale and surjective. By |DM|], p. 104, 



Theorem 4.21, it is enough to show that the diagonal map F F x F is 
unramified, i.e., for every S and {X,T>)/S, {X',T>')/S G F{S), the scheme 
lsgmg{{X ,'D), {X' ,V'))/ S is unramified over S. We may assume that S = 
Spec/c, k algebraically closed. We know that Aut{{X, D)/k) is finite for 
{X,D)/k G F{k) by ||, since Kx + {2 + ()D is sic and ample. It follows 
that {X,D)/k has no infinitesimal automorphisms (since charfc = 0) and 
hence F ^ F x F is unramified as required. □ 

Theorem 11.25. Aid is a Deligne-Mumford algebraic stack, of finite type 
over C. 

Proof. It is immediate that A4d C F^ is a Deligne-Mumford algebraic stack, 
locally of finite type over C by Theorem 11.24 and Definition ^.16| . It remains 



to show that it is of finite type. By Theorem 2.11 there exists N{d) G N 
such that N{d)Kx is Cartier for every stable pair {X,D)/k of degree d. 
By smoothability, the Hilbert polynomials of X and D with respect to the 
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polarisation —N{d)Kx are the same as the Hilbert polynomials of and 
C C a curve of degree d with respect to the polarisation —N{d)Kp2. Also, 
by |Ko5| ], Theorem 2.1.2, there exists M{d) G N such that -M{d)Kx IS very 



ample and has no higher cohomology for all {X, D). Thus there is a Hilbert 
scheme H of pairs (y, B) ^ P^ such that every stable pair of degree d 
occurs in the universal family. Now, let S* be a local afhne patch of Aid with 
universal family {X,V)/S. Pick an projective embedding {X,V)/S ^ P;^ 
defined by —M{d)Kx/s- We obtain a map S ^ H, and moreover taking all 
possible such embeddings we obtain a map 

</): Aut(P^) xS = PGL{K + l)xS ^ H. 

We perform this construction everywhere locally on Md- The (set-theoretic) 
image of the maps cj) is the set / of points [{Y, B) ^ P-'^] of H such that 
(y, i?) is a stable pair of degree d embedded by —M{d)KY- We claim that 
/ is a locally closed subset of H and moreover that the images of the maps 
(/> give an open cover of /. Assuming this for the moment, we deduce that 
there exists a finite open subcover of /, and hence a finite affine open cover 
of ^Ad■ Thus A4d is of finite type as required. 

We now prove our claim above. We first apply Lemma 11.19| (1) to de- 



duce that there exists an open locus d H containing / such that for all 
[(y, B) ^ P^] € I"*^, y is CM, reduced and Gorenstein in codimension 1, and 
B is Cartier in codimension 1. Moreover, writing {y^ ^B^) / ^ P^ for the 
universal family, K yi /j i and are relative Weil divisors on 3^^//^. Next, 



we apply Theorem |8.8| , to deduce that there exists a locally closed subset 
C containing / such that, writing {y'^,B'^) ^ Pj^ for the universal fam- 
ily, 0J^y2ip and Oy2 (iB) commute with base changes T P with T reduced, 
for all i € Z. There now exists an open subset C containing / such 



that {Y,B) is quasistable for ah [{¥, B) ^ P^] G by Lemma |lT|(2). 



Let be the closure in of the locus where y = P^, then contains / and 
(y, B) is a stable pair of degree d for all [{Y, B) ^ P^] G I'^. Finally, I Cl^ 
is the locus where (Y, B) ^ P''^ is defined by —M{d)KY — this is an locally 
closed condition. Thus / is a locally closed subset of H. Now let 5 be a 
local patch of Md with universal family {X, V)/S and (j): Aut(P-^^) xS ^ H 
a map as constructed above, we claim that the image of (p is an open subset 
of /. Let T be the spectrum of a DVR with closed point and generic point 
rj, and h: T ^ I a, morphism (where I d H \s given its reduced structure) 
such that /i(0) lies in the image of (j). It is enough to show that h{ri) also 
lies in the image of (j). Writing {yTiBx) /T for the pullback of the univer- 
sal family of H to T, we have {yT,BT)/T G A4d{T) (note that the base 
change conditions are satisfied by construction). We deduce our result by 
the versality of {X, V) /S. □ 
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12. Classification of the type B surfaces 



We provide a characterisation of the sic del Pezzo surfaces of type B which 
have a Q-Gorenstein smoothing to P^. 

Theorem 12.1. Suppose X is a surface of type B. Then X admits a Q- 
Gorenstein smoothing to iff 

(1) X has singularities of types ^(l,na — 1), (a,n) = 1, and {xy = 
0) C h^y^^/ ^{1,-1, a), {a,r) = 1. Moreover there are at most two 
non-normal singularities with index r > 1. 

(2) K]^ = 9. 

(3) p(Xi) = p{X2) = 1 or {p{X,),p{X2)} = {1,2}. 

We use the Q-Gorenstein deformation theory developed in Section p!o| . 
Write Ai = k[t]/{t^). We use the short hand 7j = T'iX/k, Ox (S)k Ai), and 
similiarly T^, Tqq x "^qg x- following theorem describes how to 
calculate the T^. 

Theorem 12.2. Let X he a scheme over k. We have 

(1) 7^ = Hom{^x,Ox) = Tx, the tangent sheaf of X. 

(2) 7^ can he calculated locally from an emhedding X K of X in an 
affine space via the exact sequence Ta|x J^x/K ~^ '^x ~^ 0- -^'^ 
particular = if X is smooth. 

(3) 7^ = if X is a local complete intersection. 



Proof. All this follows from Theorem 10.7 apart from the exact sequence of 
(2) — see |L|], p. 51, 2.3.6. □ 



We also recall the following results from Section 10 — ii ir: Z ^ X is a 
local index one cover ol X, a pN quotient say, then 

and moreover Tqq ^ = . 

Lemma 12.3. Let X be a surface with two normal irreducible components 
Xi, X2 meeting in a smooth douhle curve A. Suppose X has only singular- 
ities of the form {xy = 0) C -(1, — l,a) at A. Then, in a neighbourhood of 
A, 

'^QCX - Oa{^i\a + A2|a)- 
Here Aj is the double curve on Xi, and we calculate A^Ia by moving Aj on 
Xi, and restricting to A — we obtain a Q-divisor on A which is well defined 
modulo linear equivalence. We have that Ai|a + A2IA is a Z-divisor on A. 
In particular, Tqq ^ is a line bundle on A of degree Af + A^ . 

Proof. Let P G A, we first work locally analytically at P. Suppose that X 
is normal crossing at P, i.e., 

X ^ (xy = 0) C Kly^,. 
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Then, using the exact sequence Tp^alx — ^ -^x/A^ ~^ '^x ^ 0, we deduce 
that 7^ is a hne bundle on A. Moreover we obtain a natural isomorphism 
= Cai(Ai) Oo^ Oa2(A2) — for we have 

T}=J^x/aAa = Oa(^2) ® Oa(^i) = OAi(Ai) Oa2(A2). 

Suppose now that X has a singularity {xy = 0) C ^(1,-1, a) at P. Let 
tt: Z ^ X he the canonical cover, then Z is normal crossing. Write Zi, Z2 
for the inverse images of Xi, X2, and A', A'^, Ag for the inverse images of A, 
Ai, A2 on Z, Zi, Z2. We have a natural isomorphism = O^i {A[) ®Oa 

0^,{A',),^ndT^a,x = i^*'^zr'-- 

Patching together this local information, we obtain that globally Tqq ^ = 

Ca(Ai|a + A2IA), where A^Ia is defined as detailed above. □ 

Lemma 12.4. Suppose X is a surface of type B which satisfies the condi- 
tions (1),(2),(3) of Theorem \l2l\. Then we have Af + A| = 3 - (p(Xi) + 



P{X2)). 

Proof. Let Xi Xi for i = 1 and 2 be the minimal resolutions of the 
components of X. Then 

K^^ + p{Xi) = 10 
for i = 1 and 2 by Noether's formula, and 

K}^ + K'^^ + p{Xi) + p{X2) = Kl^ + + p{Xi) + p{X2) + 4 5^(1 - 
where the r,- are the indices of the non-Gorenstein singularities of X at A 



(see the proof of Theorem 6.1). Thus 



Kl, + Kl^ = 20 - + p{X2)) - 45^(1 - -). 

We also have 

{Kx, + Ai)2 + {Kx, + ^2? = 9 

and 

i^x.A, + Af = -2 + 5^(1-1) 

for i = 1 and 2. Solving for Af + A| we obtain Af + A| = 3 - {p{Xi) + 
P{X2)). □ 

Lemma 12.5. Suppose X is a surface of type B which satisfies the condi- 
tions (1),(2),(3) of Theorem \l2l\. Then H'^{Tx) = 0. 



Proof. We have an exact sequence 

^ Oxi(-Ai) © Ox,{-A2) ^ Ox ^ Oa ^ 0. 

Apply the functor Homci^{Qx, •) — we obtain an exact sequence 

^ TxA-^i) ®Tx,{-A2) ^ Tx ^ nomoA^x\A,OA). 
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Thus we have an inclusion Txi(— Ai) ©Tx2(— A2) ^ Tx with cokernel 
supported on A. It Mlows that H^{Tx,{-Ai))®H^{Tx2i-^2)) H^iTx) 
is surjective. So it is enough to show that f/'^(Tx, (— Aj)) = for i = 1,2. 
Write {Y,C) for a component (Xj,Aj). By Serre duahty, 

H\TYi-C)) ^ Hom(ry (-C), Oy (i^y))^ = Hom(ry, Oy{Ky + C))^. 

We claim that Oy{—Ky — C) has a nonzero global section. Assuming this, 
we have 



Hom(ry, Oy{Ky + C)) ^ Hom(ry, Oy) = 



y 

vv 



Now, letting it : Y —i- Y he the minimal resolution, we have Qy 
TT^riy since Y has only quotient singularities ( [ptl| ]. Lemma 1.11). Thus 
/iO(17VV) ^ /jO(-^^) ^ /i^Cy) = 0, since Y is rational by Theorem ^ So 
F2(ry(-C)) = as required. 

It remains to show that OYi—Ky — C) has a nonzero global section. We 
have an exact sequence 

^ Oy{-Ky - 2C) Oy{-Ky -C)^ Oc{-Ky - C) ^ 0. 

Now /ii(Oy(-Ky - 2C)) = h^{OY{2KY + 2C)) = by Serre duality and 
Kodaira vanishing (recall that Y is log terminal and —{Ky + C) is ample). 
So we are done if Oc{—Ky — C) has a nonzero global section. A local 
calculation shows that Oc{—Ky — C) = Oc{—Kc — S), where S is the 
sum of the singular points of Y lying on C. Now C is isomorphic to P^, 
and there are at most 2 singular points of y on C by assumption, thus 
deg(— i^c" — S) > and Oc{—Ky — C) has a nonzero global section as 
required. □ 

Lemma 12.6. Let X he a surface of type B which admits a Q-Gorenstein 
smoothing to P^. Then there are at most two non-normal points of X of 
index greater than 1. 

Proof. For a smoothable surface X of type B, the non-Gorenstein singular- 
ities at A are of type {xy = 0) C ^(1, —1, a). Moreover, if we have k such 
singularities with indices ri, . . . , then ~ f") < 2, in particular A; < 3. 

We show that if X smoothes to P^, then k < 2. We assume k = 3 and 
obtain a contradiction. Let X/T be a Q-Gorenstein smoothing of X over 
the spectrum T of a DVR with generic point r], such that = P^. Write 
X = XiU X2, then there are two cases : 

(1) p{Xi) = 1 and p{X2) = 2, p{X /T) = 2, ;f is Q-factorial. 

(2) p{Xi) = p{X2) = 1, p{X/T) = 1, is not Q-factorial. 

Here we use Corollary |5.2| , also C\{X) = Z®^ by Lemma ^.4K l) and we can 
calculate p{X /T) using Lemma |5^(2). 

Suppose first X is of type (1). We claim that we can contract the divisor 
Xi d X to obtain a relative minimal model X /T. We have X canonical 



by Lemma 2.25, so we can use the relative MMP theory. It's enough to 



show that the double curve A of X generates an extremal ray in NE{X /T) 
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(note that —Kx is relatively ample so certainly < 0). Let X have 

singularity {{xy = t") C ^'i,y,z,t) — ^(^i ~1) ^ -'^z generically along A. Then 

A^^ + A^^ = nXiX2{X2 + Xi) = 0. 

Now A^ > since p{Xi) = 1, thus A^^ < and A generates an extremal 
ray on X2. By the exact sequence 

^ ZA ^ iVi(Xi) e iVi(X2) ^ iVi(A'/T) ^ 



(c.f. Lemma 5^), we see that A generates an extremal ray on X. Hence 
we can contract Xi to obtain a Q-factorial family of surfaces X /T with 
generic fibre P^. The special fibre X is obtained from X2 by contracting 
the double curve A. Thus X has a log-terminal singularity whose minimal 
resolution has exceptional locus a tree of rational curves with one fork. But 
this singularity is not smoothable, a contradiction. 

Now suppose that X is of type (2). Then X is not Q-factorial. Thus we 
have a point P G A such that, locally analytically at P, 

X^{xy + eg{z\t) = 0) C K%y^J-^{l, -1, a, 0), 

where t )(g(z^,t), n G N. Working locally at P G X, we construct a small 
partial resolution tt: X ^ X. Assume first that r = 1. Let tt: X ^ X he 
the blowup of {x = g = 0) C X. Writing u = ^ and u = |, we have two 

affine pieces of X as follows: 

{{y + eu = 0,xu = g)c K,y,z,t,u) = {{xu = g)C A^^^.^t) 

Thus X is normal crossing at the strict transform A of A and X has a 
^(1,-1) X singularity along A. The only possible singularity of X C X 
away from A is a singularity at {x,u,z,t) = 0. Write Xi = {x = 0), 
^2 = (y = 0), and Xi, X2 for the strict transforms. Then Xi — > Xi is an 
isomorphism, and X2 X2 contracts a to the smooth point P € Xi. In 
the case r > 1 we obtain tt: X ^ X as the pr quotient of the construction 
above. 

Now work globally on X. Note that X is sit, X is canonical, and K-j^ = 
7r*Kx- We first claim that X/T is projective. For it is easy to see that the 
special fibre X is projective, and the restriction map PicAf — > PicX is an 
isomorphism (using —Kj^ nef and big, c.f. proof of Lemma [5^ ( 1 ) ) . Moreover 
A' is Q factorial (c.f. Corollary |5.2| ). We now obtain a contradiction as for 
case (1) above. □ 



Proof of Theorem 12.1. First suppose that X is a surface of type B that ad- 
mits a Q-Gorenstein smoothing to P^. The condition (1) on the singularities 
of X is satisified by Theorem 3.12] , Lemma 7.4 and Lemma 12. £. Let X/T 
be a Q-Gorenstein smoothing of X/k, where T is the spectrum of a DVR 
with generic point 77, such that Af^ = P^. We have K\ = = 9 since Kx 
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is Q-Cartier, so (2) holds. Finally, (3) is satisfied by Corollary 5.2. Thus 
the conditions are necessary. 

Now let X be a surface of type B which satisfies the conditions (1),(2) and 
(3). We first construct a first order Q-Gorenstein deformation jAx of Xjk^ 
where A\ = A;[t]/(t'^). We then show that this extends to a Q-Gorenstein 
smoothing of X over a DVR. Recall that there is a natural isomorphism 
Def^^^(^i) = T\. Now, by the local-to-global spectral sequence, we have 
an exact sequence 

By Lemma we have H'^{T^) = H'^{Tx) = 0, so 

^ H\T^) ^ r^G,x - H\T^a,x) - 

is exact. We next specify an element of H^{Tqq-^), and describe the local 
first order deformations of X it determines. We can then lift this to an 
element of Tqq ^ defining a global Q-Gorenstein first order deformation 
X^/Ai oiX/k. ' 

The sheaf Tqq ^ is supported on the singular locus of X. So, to define a 
global section of Tqq , we have to define a section in a neighbourhood of 
each connected component of the singular locus of X. An isolated singularity 
P of X is of the form ^(l,na — 1) by assumption. Write Z ^ X for the 
local index one cover of X, then 

Z ^ (xy + z" = 0) C Kl^y^, 

X - (xy + z" = 0) C k\yJl{\,-\,a). 
We define a local first order O-Gorenstein deformation of X as follows: 



(xy + + t = 0) C /-(I, -l,a) x Spec^i. 



1 



n 



This corresponds to a local section of T^'. Now consider A, the locus of 
non- isolated singularities oi X. In a neighbourhood of A, Tqq is a line 



bundle on A of degree A| + A^ by Lemma "LA. Moreover A = and 
Af + A| = 3 - (/o(Xi) + p(X2)) > by Lemma |12.4| . So there exists a 
section s of Tqq at A, with reduced divisor of zeroes missing the non- 
Gorenstein points of X, i.e., 

where Pi, . . . , -Pfc are distinct points of index one on X. Then s defines local 
first order deformations of X at the points P of A of the following forms. 
If P 7^ Pi, . . . , Pfc and X ^ (xy = 0) C kl^yj\{\, -1, a) at P, some r > 1, 
then we have 

{xy + = 0) C A^ ,^^2/-(l, -l,a) x Spec^i, 
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for some unit u G If P = Pi for some i then X = {xy = 0) C Ai^ ,^^, 

at P and we have 



{xy + tzu = 0) C X Spec A 



for some unit u G ^[[2]]- 

Observe that X has unobstructed Q-Gorenstein deformations. For the 
local index one covers of X are local complete intersections, so Tqq x = 
(thus X has unobstructed Q-Gorenstein deformations locally). Also, we have 
H^(Tqq j^) = 0, since Tg^^ ^ is an invertible sheaf on A = of non-negative 
degree, and H'^{Tx) = by Lemma 12. 5| . Thus Tqq = by the local-to- 



global spectral sequence, so X has unobstructed Q-Gorenstein deformations 
as claimed. Hence we can extend the deformation /Ai to a sequence 
of compatible Q-Gorenstein deformations X"^ /An, where A^ = k\t\/ {t^^^). 
They determine a formal scheme ^Y/Spf A, where A = k[t\f^£^, A is the 
completion of A, and Spf denotes the formal spectrum. By the Grothendieck 
Existence Theorem, X / Spf A is the completion of a projective Q-Gorenstein 



family Af/Spec^ (c.f. Proof of Lemma 11.22 ). We claim that this is a 
smoothing of X. For, from the explicit descriptions of the local first order 
deformations above, we see that X has only singularities of types ^(1, —1, a) 
and {xy + zt = C ^t,y,z,ti hence X is smooth over the generic point rj of 
Spec^ as required. The geometric generic fibre Xfj is a smooth del Pezzo 
surface with = 9, hence Xf^ ^ P?. Thus X'/ Spec A is a Q-Gorenstein 
smoothing of X to as required. □ 

We include below an important result we have proved along the way. 

Theorem 12.7. Let X be an sit del Pezzo surface that admits a Q-Gorenstein 
smoothing to P^. Then X has unobstructed Q-Gorenstein deformations. 

Proof. X is either a Manetti surface or of type B. We proved the result in the 



type B case in the proof of Theorem [12. 1| . If X is a Manetti surface then the 
local index one covers of X are local complete intersections so Tqq ^ = 0, 
H^{Tqq x) = since Tqq ^ has dimensional support, and H'^{T^) = by 



[Ma], p. 113, Proof of Theorem 21. Thus Tqq = 0, so X has unobstructed 



-Gorenstein deformations as required. □ 



13. Simplifications in the case 3 

We state and prove two major simplifications we obtain in the case 3 )(d. 
First, if {X, D) is a stable pair of degree d then X is sit. Second, the stack 
M.d is smooth. 

Theorem 13.1. Let {X,D) be a stable pair of degree d. Suppose 3 /d. 
Then X is sit. So X is either a Manetti surface (that is, normal, with log 
terminal singularities) or of type B. In particular X has 1 or 2 components. 
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Proof. Write {Y,C) for a component of (X*^, A*^), and let Dy denote D \y- 
We need to show that (Y, C) is log terminal. First we show that there are no 
singularities of types (^(1, a), 2A) or {D, A). For suppose F is a component 
of C which passes through such a point. Then there is at most one other 
singularity of (Y, C) on F, of type (i(l, 6), A). We calculate {Ky + C)T = 
— 2 + l + (l — i) = — i (we allow s = 1 — this is the case where there are 
no other singularities on C). Now Ky + C + ^Dy = 0, so DyT = But 
Dy misses the strictly log canonical point of {Y, C), since Kx + (i + is 
sic, thus sDy is Cartier near F. So DyV G ^Z, a contradiction. 

It only remains to show that no normal strictly log canonical singularities 
can occur. Otherwise, X is a normal surface, so is an elliptic cone by The- 
orem Let / be a ruling, tt : X ^ X the minimal resolution of X and 
E the exceptional curve. Thus X is a ruled surface over an elliptic curve, 
E is the negative section, and the strict transform /' of / is a ruling. We 
calculate Kxl = tt*KxI' = (K^ + E)l' = -2 + 1 = -I. Now Kx + ID = {) 
implies Dl = ^. But D misses the singularity of X since Kx + (| + e)!) is 
log canonical, so D is Cartier. Thus Dl 7j, a contradiction. □ 

Remark 13.2. In particular we have a classification of the surfaces X occur- 



ring by Theorem 7.1 and Theorem 12.1. 



Remark 13.3. If 3 | d the situation is much more complicated. For example 
in the case d = 6 the maximum number of components of a surface X is 18. 



See Example 16.5 



Theorem 13.4. A4d is smooth for 3 j(d. 



Proof. First, by Theorem 12.7 and Theorem 13.1 above, for {X,D)/k € 
Aidik), X/k has unobstructed Q-Gorenstein deformations. Second, by The- 
orem |11.9| , the map of functors M.d,(x,D)/k ~^ -^^^x/l smooth. Note that 
■M.d.{x,D)/k = Pd,{x.D)/k ill this case, i.e., every Q-Gorenstein deformation 
of {X,D)/k is smoothable. Thus A4d is smooth as required. □ 



Remark 13.5. Aid is not smooth if 3 | d — see Example 16. 6| . 



14. Classification of stable pairs for d = 4,5 and 6 

We set out below the complete classification of stable pairs of degrees 4 
and 5. In degree 6 we give a complete list of candidates for the surfaces that 
occur, however we have yet to establish which surfaces of types C and D are 



smoothable. I explain how the classification was obtained in Section 15. 



Notation 14.1. (1) Given a weighted projective space P, let H denote 
a section of C'p(l). We also write ~ kH to denote a general section 
ofOp{k). 
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(2) Given a rational ruled surface F„, let A and B denote a fibre and the 
negative section respectively. 



When we refer to the singularities of (X, D) below, we mean the points of 
X where (X, D) is not normal crossing, i.e., where we do not have X normal 
crossing and + A'^ C X^ normal crossing. 



14.1. d = 4. Surfaces X: 



Surface 


Double curve 


Singularities 


p2 

P(l,l,4) 

P(1,1,2)UP(1,1,2) 


H,H 


3(1>1) 

(xy = 0)c ^(1,1,1) 



Singularities of {X,D): 



X 


D 


(xy = 0)ci (1,1,1) 







14.2. d = 5. Surfaces X: 



Surface 


Double curve 


Singularities 


P(l,l,4) 

^26 CP(1,2,13,25) 
P(l,4,25) 

P(1,1,2)UP(1,1,2) 
P(1,1,5)U(X6CP(1,2,3,5)) 

P(l. 1.5) UF(1.-1.5) 


H,H 

11. - ] // 


i(i,i) 

^(l>4) 

3(l,l),i(l,4) 

(xy = 0)c ^(1,1,1) 

(xy = 0)c|(l,-l,l) 

l(l.l).(,r^ = 0)ci(l.-l.l) 
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Singularities of {X,D): 



X 




^(1,4) 

{xy = 0) C i(l,-l,l) 


(y2 + = 0) for 3 < n < 9 

(a;(y2 +a;") = 0) for n = 2, 3 

(y2 _^ ^ 0) for n = 2, 6 

(z = 0) 
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14.3. d = 6. We have the following cases for the surfaces X: 



14.3.1. Types A and B. 



Surface 


Double curve 


Singularities 


P(l,l,4) 




1(1,1) 


Elliptic cone, degree 9 




simple elliptic singularity 


P2 UFi 


H,B 




P2 UF4 


~ 2H,B 




P(l,l,4) UF4 


~ 4:H,B 


i(i,i) 


P(1,1,2)UP(1,1,2) 


H,H 


(xy = 0) C i(l,l,l) 



14.3.2. Types C and D. In this case we only have a partial solution - we 
give a complete list of candidates, but we have yet to establish which are 
smoothable. 

We give below a list of possible components {Y, C) of the surfaces X, i.e., 
y is a component of the normalisation of X and C is the inverse image of 
the double curve. We then glue these together, following the instructions 



in Theorem 3.1C and Theorem 3.12, to recover X. We have the following 
constraints: 



(1) K\ = 9. Equivalently, Y^{Ky + C)^ = 9, where (F, C) runs over the 
components of X. 

(2) p\y) < 2V in case C, Yl pC^) < 2V - I in case D, where V is the 



number of components of X — see Corollary 5.2 



Recall that the components (Y, C) are of two types III and IV. We tabulate 
these separately. 



Notation 14.2. For a singularity of type (D, A), the exceptional locus of 
the minimal resolution consists of a chain -Fi , . . . ,Fk of curves together 
with two -2 curves meeting F^. The strict transform of A meets Fi. We 
use the sequence —Ff, . . . , — of self-intersections to describe the {D, A) 
singularities occurring below. 
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Type III: 



Case 


Parameter 


PiY) 




Sin| 


^ularities 
















Number of 


(i(l,a),2A) sing. 














(i(l,l),A)'s 


r 


a 


1. 


n 


> 


1 


1 


n 




n 


1 


2. 


n 


> 


1 


1 


n-\ 


1 


2n- 1 


2 


3. 


n 


> 


2 


1 


n-1 


2 


4(n - 1) 


2n- 1 


4. 


n 


> 





2 


n + 2 








5. 


n 


> 


1 


2 


n+l 


1 


2 


1 


6. 


n 


> 


2 


2 


n- i 


1 


n 


1 


7. 
8. 


n 
2 


> 


2 


2 
2 


n-1 

7 

2 


2 
1 


2n- 1 


2 


9. 


2 






2 


4 


2 






10. 


2 






2 


3 


2 


3 


1 


11. 


n 


> 


1 


3 


n 


2 


2 


1 


12. 


n 


> 


2 


3 


n+i 


1 






13. 


n 


> 


2 


3 


n+l 


1 






14. 


n 


> 


5 


3 


n — 1 


2 


n 


1 
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Type IV: 



Case 


Parameter 


PiY) 




Singularities 










Number of 


{D, A) sing. 














1. 


n > 2 


1 


n — 1 





n,2,2 


2. 


n > 2 


1 


n-| 


1 


2,n,2,2 


3. 


n > 2 


2 


n + 1 





2,2 


4. 


n > 2 


2 


n-| 


1 


n,2,2 


5. 


n > 2 


2 


n — 1 





n,2 


6. 


n > 3 


2 


n-§ 


1 


2,n,2 


7. 


2 


2 


7 

2 


1 


2 


8. 


2 


2 


5 
2 


1 


3,2 



Remark 14.3. In almost all cases the parameter is just the weight of the sur- 
face Y, namely the maximal w such that there exists a birational morphism 
y — > F^o, where Y is the minimal resolution of Y. This is only false when 
n = 1 in type III cases 1,2,10 and 12 - then the weight is undefined in case 
1 (because Y = F^) and equals 2 in the other cases. 

We describe the components of type III concretely below, using toric 
language. Note that we can also give an explicit description of the type IV 
cases — we describe Y by expressing its minimal resolution y as a blowup 
of F„. This is omitted here. 

Notation 14.4. Let Bl(^ „) S ^ S denote the weighted blowup of a smooth 
point of a surface S with weights (m, n) with respect to some local analytic 
coordinates. Unless otherwise stated, we assume that the point and choice 
of coordinates is general. We write E for the exceptional curve and use 
primes to denote strict transforms of curves. If we refer to C, it is assumed 
that C passes through the centre P of the blowup, e.g. if S* = P, H' denotes 
the strict transform of a general section of Op(l) through P. 

Let F^ i (n > 1) denote the surface obtained from F„ in the following 
way: First perform a sequence of two blowups away from the negative section 
to obtain a degenerate fibre which is a chain of curves of self intersections 
—2, —1, —2. Then contract the two -2 curves. Thus F _ i has one double 

n 2 

fibre with two ^(1, 1) singularities on it, and a negative section with square 
— (n — ^). We let A and B denote the negative section and fibre as usual. 
We write for the double fibre with its reduced structure. 
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Type III (toric descriptions): 



Case 


Surface component 


Double curve 


1. 


P(l,l,n) 


H1 + H2 


2. 


P(l,2,2n - 1) 


H+ ~ 2H 


3. 


P(l,l,2(n-l))//i2 


Hi/ + H2/ll2 


4. 


F„ 


A + B 


5. 


F 1 


\A + B 


6. 


Bl(i,2)P(l,l,n) 


H[ + H2 


7. 


Bl(i,2)IP(l,2,2n-l) 


i7 + (~ 2Hy 


8. 


B1P(1,1,2) 


H' + E 


9. 


Bl(i,2)lP(l,l,2),wt(i7) = 2 


H' + E 


10. 


B1(2,3)P(1,1,2) 


H' + E 


11, n > 1. 


Bl(i,2) F„_|,wt(i?) = l 


\A + B' 


11, n = 1. 


Bl(i,2)Fi 


\A+{r.B + \A)' 


12. 


Bl(i,2)F„_i,wt(5) = 1 


A + B' 


13. 


Bl(i,2) Fn 


A' + B 


14. 







15. Derivation of the classification for d = 4, 5 and 6 

We aim to classify the surfaces X for d = 4, 5, 6. We provide a brief 
overview of our method below. We first obtain a list of candidates satisfying 
certain combinatorial conditions. We then check which of these candidates 
actually occur — the main point is to establish the smoothability of X. This 
last step is incomplete in the case d = 6. 

Notation 15.1. Let {X,D) be a stable pair of degree d and (Y,C) a com- 
ponent of {X'^,A'^). Let vr : y — > y be the minimal resolution of Y and 
define a Q-divisor C on Y hy Ky + C = 7t*{Ky + C), tt^C = C (as in 
Notation liT 



We first give a list of candidates for the pairs (Y, C). We then glue these 



together as instructed in Theorem 3.10 to obtain our list of candidates for 
X. We do not work directly with the pairs iY,C) — instead we consider 
the pairs (y, C). Note that it is immediate to recover (y, C) from (Y,C) 

— we just contract the components of C where —{Ky + C) is zero. For 

— {Ky + C) is ample and —{Ky + C) = —tt*{Ky + C) by definition, moreover 
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Exc(7r) C SuppC by Lemma 15. 3| below. Note that we may assume Y is 



rational, since otherwise Y is an elliptic cone and X = Y. 

We begin our classification of the (Y, C) by giving a list of possible singu- 
larities. We deduce the possible configurations of rational curves making up 
the Q-divisor C, together with multiplicities. We obtain a finite list of pos- 
sible sit singularities on (Y, C) by using the conditions dKx + ~ and 
Kx + (i + sic to bound the index of X (c.f. the proof of Theorem ^.22[) . 
We are content to note that the strictly log canonical singularities of (Y, C) 
are of two types (i(l,a),2A) and {D,A). The corresponding configura- 
tions of components of C are easily understood — working locally over the 
singular point P G y we have: 

(1) (i(l,a),2A) : C = C[+Ei + - ■ ■+Ek+C!^, where Ei, .. . , is a chain 
of rational curves, and C[ and intersect Ei and Ef^ respectively. 

(2) (D, A) : C = C' + Fi + --- + Fi + + iCg, where Fi, . . . , is a 
chain of rational curves, Gi and G2 are — 2-curves meeting Fi, and C 
intersects Fi. 



Note that, if 3 )(d, (Y, C) is log terminal by Theorem |13.1| , so these cases do 
not occur. 

Notation 15.2. Assume Y is rational and Y ^ P^, then there exists a 
birational morphism Y F^, where w > Q — fix one such morphism (/>, 
with w maximal. Then (j) is an isomorphism over the negative section B of 
¥w Let p denote the composite y — > — P^. 

We next analyse all the ways that we can fit the possible C configurations 
into a surface Y with a birational ruling Y — > F^^, — > P^ as above. We require 
that —{Ky + C) is nef and big, and positive outside C — this imposes strong 
restrictions on curves in degenerate fibres which are not contained in Supp C 



(see Lemma 15.7). Also, we have B' C SuppC if w > 2, where B' denotes 
the strict transform oi B d F^ under (/>: y — > F^. We obtain the candidates 
for d = 4 and 5 in this way in the Proof of Theorem 15.10| . We omit the 



derivation of the list of candidates for d = 6. It is rather different in style, 
since (y, C) may have strictly log canonical singularities. In particular we do 
not obtain a finite list of possible singularities as our first step. We begin by 
giving a list of possible degenerate fibres of {Y ,C). Then, with some work, 
we obtain a complete list of candidates. In each case SuppC is a collection 
of components of fibres together with B' and at most one other horizontal 
component. 

Lemma 15.3. With the notation as above, the Q-divisor C is effective and 
Supp(C) = C'UExc(7r). 

Proof. We have Ky + C = Tr*{KY + C) + ^iEi with < 0, and C 



C + ^{—ai)Ei by definition (compare the proof of Proposition 4.2). We 
need to show Oj < for all i. If = for some j, then = for all 
Ek in the same connected component of Exc(7r) using Ky + C vr-nef. It 
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follows that this connected component contracts to a canonical singularity 
of {Y, C). This must be a Du Val singularity of Y with C = locally. But 
then we have a normal log-terminal singularity on X which is not of type 
Ti, a contradiction. □ 

Lemma 15.4. Let {X,D) be a stable pair of degree d = 4,5 or 6. For 

P G X we have 

(1) d=4 : indexpKx = 1,2 or 4. 

(2) d=5 : indexp Kx = l,2 or 5. 

(3) d=6 : indexp Kx = 1 or 2. 



Proof. See the Proof of Theorem 2.22 — a finer analysis in the cases d = 4, 5 



and 6 gives our result. □ 

Lemma 15.5. Let d = 4 or 5. Then the connected components of C are 
chains of smooth rational curves. We have the following possibilities for the 
multiplicities and self-intersections of the components: 
(1) d = A 

Case Multiplicities Self- Intersections Image in Y 

(1) h -4 

(2) l,i ?,-2 F'3^(l,l) 

(3) 111 -6,-2,-2 ^(1,3) 

(4) 1,1,1 -2,?, -4 pi 9 1(1,1), 1(1,1) 

(5) 1,1,1,1,1 -2,7,-2,-2,-2 pi 9 1(1,1), 1(1,3) 



(2) d = 5 



Case Multiplicities Self- Intersections Image in Y 



(1) 


1 

2 




-4 






(2) 


1, 


1 
2 


?,-2 




Pi 9 1(1,1) 


(3) 


4 
5 


3 2 1 

5 ' 5 ' 5 


-7,-2, 


-2,-2 


2l(l>4) 


(4) 


3 
5 


4 2 
5' 5 


-3,-5, 


-2 




(5) 


1, 


4 

5 


?,-5 




Pi 9 1(1,1) 


(6) 


1, 


4 3 
5' 5 


?,-2,- 


3 


Pi 9 1(1,2) 


(7) 


1, 


4 2 

5' 5 


-3 - 


2 


Pi 9 1(1,3) 


(8) 


1, 


4 3 2 1 
5' 5' 5' 5 


? — 2 - 


2,-2,-2 


Pi 9 1(1,4) 
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Here we write 3 ^(1, a) to denote a smooth rational curve C onY passing 
through a singularity of type -(l,a), such that locally analytically iY,C) = 
(A2yi(l,a),(x = 0)). 

Proof. X is sit for 3 j(d by Theorem |13.1| , thus (y, C) is log terminal. Recall 
that the log terminal singularities of (Y,C) are of types (^(l,na — 1),0) 
and (i(l,a), A). Lemma 15.4 states which values of the indices n and r are 
possible. It only remains to determine what combinations of singularities 
can lie on C C y for C 7^ 0. Suppose C 7^ 0, and let {Y, C) have singularities 
of indices ri, . . . ,rfc at C. Then C ^ and -{Ky + C)C = 2- - 
^) > (compare Theorem |3.5| (II)). Moreover, —{Ky + C)C is 3-divisible 
by Lemma |15.6| below. Using the restrictions on the indices in Lemma 15.4, 
we obtain the solutions A; = 1, ri = 2, or A; = 2, ri = 2, r2 = 4 for d = 4, 
and A: = 1, ri = 2, or A; = 1, ri = 5 for d = 5. Combining our results we 
obtain the lists of possible connected components of C above. □ 



Lemma 15.6. Suppose 3 /d. Let T dY he a curve. Then —{Ky + C)T is 
divisible by 3 (i.e. writing —{Ky + C)T = f , a, 6 G N, (a, 6) = 1, we have 
3 \ a). Equivalently, let V d Y he a curve that is not -k -exceptional, then 
-{Ky + C)T' is divisible hy 3. 

Proof. We use the relation d{Ky + C) + 3L>y ~ 0. Thus -{Ky + C)T = 
^DyV, SO it's enough to show that the index of Dy is not 3-divisible. See 



the proof of Lemma 11.2. □ 



Lemma 15.7. Suppose T is a curve contained in a degenerate fibre of p 
which is not a component of C. Then T is a -1 curve and CT < 1. 



Proof. We know F is not vr-exceptional by Lemma 15.3 , hence {Ky + C)T < 
0. But {Ky + C)T = -2-T^ + CT > -2- T^. Hence = -1 and CT < 1 
as claimed. □ 



Notation 15.8. We refer to such a curve F as a 7-curve 



Corollary 15.9. Suppose T is a j-curve. We list the possible intersections 
ofT with C. 

(1) d = A : T intersects one component of C of multiplicity j. 

{2) d = 5 : F intersects one component of C of multiplicity |, or two 

components of multiplicity |, or two components of multiplicities ^ 

and ^. 

(3) d = 6 .■ F intersects one component of C of multiplicity ^. 
All intersections are transverse and at a single point, except possibly the 
case for d = 5 — here the two components of C may coincide, and 
then further the two points of intersection may coincide to yield a point of 
contact of order 2. 
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Proof. This is immediate from the index calculations of Lemma 15.4 together 
with Lemma 15.6 and Lemma 15.7. □ 



Theorem 15.10. The stable pairs of degrees 4 and 5 are as described in 
Section |7J. 

Proof. Let {X, D) be a stable pair of degree d, where d = 4 or 5. Let (Y, C) 
be a component of (X*^, A'^). Then Y is rational since 3 /d. If y = then 
C = 0, since —{Ky + C) is ample and 3-divisible (again using 2>)(d). So 
assume (F, C) ^ (P^0), and choose : F ^ as in Notation |lt]|. We 
classify the pairs (F, C), and hence the pairs (F, C), and finally glue these 
together to form the surfaces X. 

Each degenerate fibre of the birational ruling p -.Y consists of some 

irreducible components of C and some 7-curves. We have a list of possible 
connected components of C in Lemma 15. 5| , and Corollary 15.9 describes 



how 7-curves and irreducible components of C may intersect. Note also 
that two 7-curves ri,r2 in a degenerate fibre /o do not intersect unless 
/o = Fi ur2. We classify the (F, C) by calculating all the ways we can piece 
together connected components of C and 7-curves to form a net of curves 
which is a union of fibres and horizontal curves on some surface Y with a 
birational ruling p : y — . 

So, suppose given some (y,C), and assume C / (otherwise X = y is 
smooth, so X = P^). Let F be a connected component of C. We consider 
the cases of Lemma |15.5| . 

We first treat the case d = A. In case (4) F cannot intersect a 7-curve. 
Thus if F intersects a degenerate fibre, it must contain the whole degenerate 
fibre. But by inspection F cannot contain a degenerate fibre, so F does not 
intersect any degenerate fibre. It follows that there are no degenerate fibres. 
But we know there are at least two curves of negative self-intersection, a 
contradiction. So case (4) does not occur. It now follows that case (5) 
cannot occur. For a (y, C) with singularities at C corresponding to case (5) 
must be glued to a {Y' , C) with singularities at C corresponding to case 
(4) in order to form a smoothable surface X. 



In case (3), let Ei, E2,E^ be the components of F, ordered as in Lemma 15.5 
Only £^3 can intersect a 7-curve and F cannot contain a degenerate fibre. 
Suppose that a component of F is contained in a degenerate fibre /q. Then 
/o consists of £^3 together with some 7-curves meeting £3, and possibly Ei 
or E2. The only possibility is /o = £3 U Fi U F2 where ri,r2 are 7-curves. 
Then Ei and E2 must be horizontal, but Ei cannot intersect /o, a contradic- 
tion. So every component of F is horizontal. In particular there can be no 
degenerate fibres (because Ei cannot intersect a 7-curve), a contradiction. 
Thus case (3) does not occur. 

In case (1) F cannot intersect a 7-curve. So there are no degenerate fibres 
(compare (4) above). Thus {Y,C) = {Vi,\B), so {Y,C) = (P(l, 1, 4), 0). In 
case (2) again F cannot intersect a 7-curve. Thus Y is ruled, y = F2, and 
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so y = P(l,l,2). Finally {Y,C) = (P(l, 1, 2), i?), since -{Ky + C) is ample 
and 3-divisible. This completes the classification of the (Y, C) for d = 4. 

Now let d = 5. In case (6) F cannot intersect a 7-curve. We obtain a 
contradiction as for d = 4,(4). So (6) does not occur. It follows that case 
(7) cannot occur, as for d = 4,(5). For a (Y^C) with singularities at C 
corresponding to case (7) must be glued to a {Y' ■, C) with singularities at 
C corresponding to case (6) to form a smoothable surface X. 

In case (4), let Ei, £"2, -Es be the components of F, ordered as above. Only 
£"3 can intersect a 7-curve, and a 7-curve intersecting £3 does not intersect 
any other irreducible components of C. We proceed as in d = 4,(3) to obtain 
a contradiction, thus (4) does not occur. 

In case (5), F cannot intersect a 7-curve. Thus Y is ruled, y = F5 and 
Y = P(l, 1, 5). The curve C cannot be horizontal using —{Ky + C) ample 
and 3-divisible, thus C is a fibre and {Y, C) = (P(l, 1, h),H). 

In case (3), write Ei, E2, E3, E4 for the components of F, ordered as 
above. Then only E3 and E4 can intersect a 7-curve. Now F cannot contain 
a fibre, thus we see that F has components in at most one fibre, and then 
this fibre contains £3 or E4. If every component of F were horizontal, then 
El would intersect a 7-curve in a degenerate fibre, a contradiction. Thus F 
has components in a unique degenerate fibre /q. 

We classify the possible fibres /o above. We have E2 C /o because Ei 
intersects /o, it follows that £3 C /o- If E4 ^ fo, then /o consists of E2, E3, 
some 7-curves (meeting E3) and possibly Ei — but such a configuration is 
never a fibre, a contradiction. Hence £"2 , -E- 3 ; -£'4 C /q. If there is a 7-curve 
r meeting £3, then /q = £2 U £3 U £4 U F. Otherwise, we have some 7- 
curves meeting £4. If Fi, F2 are two such curves then /o = £4 U Fi U F2, a 
contradiction. Thus there is exactly one 7-curve, F say, meeting £4. Then F 
intersects another irreducible component E of C which has multiplicity ^ or 
^ (by Corollary 15.9) and hence self-intersection —2 or —4 by Lemma 15.5. 
We have £ C fo- If £^ = -2 we find fo = E4LITLI E, a contradiction. Thus 
£2 = -4, we deduce /o = £2 U £3 U £4 U F U £. Note that £ is a connected 
component of C of type (1). 

So, we have two possible types of degenerate fibre fo — either /o = 
£2 U £3 U £4 U F where F meets £3, or /o = £2 U £3 U £4 U F U £, a 
chain of curves, where £^ = —4. In each case £1 is horizontal — it follows 
that there are no more degenerate fibres, since £1 cannot intersect a 7- 
curve. We see that Y is obtained from F7 by a sequence of blowups, and 
£1 = B' . Also C = so X = y. A graded ring calculation shows that 
X = X2Q C P(l,2,13, 25) in the first case. In the second case we see 
X = P(l, 4, 25) by toric methods. 

Case (8) is very similiar: writing £0, £1, . . . , £4 for the components of £, 
we obtain the same possible degenerate fibres fo as above, £1 horizontal, and 
£0 a fibre. Y is obtained from F2 by a sequence of blowups, and £1 = B' . 
A graded ring calculation shows that Y = Xq C P(1, 2, 3, 5) in the first case, 
where C ~ 2H. In the second case we have Y = P(l, 4, 5), where C ~ AH. 
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Finally, for cases (1) and (2), we may assume that —{Ky + C) has index 
2, because I have already classified the (y, C) with an index 5 singularity 
above. Then the same calculation as for d = 4 gives {Y,C) = (P(l,l,4),0) 
or (¥{1,1,2), H). This completes the classification of the {Y,C) for d = 5. 
We calculate that each surface Y has p{Y) = 1, and (Y, C) is a log del Pezzo 
surface. 

We now glue the (Y,C) together to obtain the surfaces X. The normal 
surfaces X are the surfaces Y with C = 0. The non-normal surfaces X are 
obtained by glueing components (11, Ci), (12, (^2) along Ci,C2 so that each 
a). A) singularity on (Yi, Ci) is glued to a (^(1, —a). A) singularity on 
{Y21 C2) to give a singularity of type {xy = 0) C ^(1, —1, a) on X. We also 
require that K\ = 9, equivalently {Ky^ + Ci)^ + {Ky^ + C2)^ = 9 (in fact 
this is automatic in our cases d = 4 and 5). 

Finally, we conclude that each surface X constructed as above occurs in 
a stable pair {X, D) of degree d = 4 or 5. We need to show that there exists 
a divisor D on X such that dKx + 3D ~ 0, Kx + (| + e)Z) is sic — this 
is easy to check. Moreover, we require that {X, D) admits a Q-Gorenstein 
smoothing {X,V)/T such that Xf^ ^ P? and V is Q-Cartier — this follows 
from Theorem |11.9| , using the existence of a Q-Gorenstein smoothing X /T 



(Theorem 7.1 and Theorem 12.1). □ 



16. Examples in the case 3 | d 

We first construct explicit smoothings of some sic del Pezzo surfaces of 
type C. We thus obtain examples of stable pairs of degree 6 — in particular, 
we obtain an example where the surface has 18 components. We next give 
an example to show that M.^ is not smooth if 3 | d (Example |16.6|) . Our 
final example shows that the relative smoothability assumption |2.16| in the 
definition of Md is necessary if 3 | d. More specifically, we construct an sic 
del Pezzo surface X which admits Q-Gorenstein smoothings to both and 
a surface which is not smoothable. 

Construction 16.1. Let C be a cycle of smooth rational curves, i.e., C = 
Ci U ■ ■ ■ UCr, where Ci = P^ for all i, C is nodal, and the dual graph of C is a 
cycle. Let T be the spectrum of a complete DVR with generic point rj. Then 
there exists a smoothing C/T of C to an elliptic curve. Let £ be a relatively 
ample line bundle on C, write ni = C-Ci> {). Define X = ^{Oc®C). The 
special fibre X is a P^-bundle over C with components Xi = ruled over 
Ci. The generic fibre is a ruled surface of degree ^ Ui over an elliptic curve. 
Contracting the negative sections, we obtain a family X /T with special fibre 
X = P(l, l,ni) U • • • U P(l, l,n.r) (an sic del Pezzo surface of type C) and 
generic fibre an elliptic cone of degree ^Ui. If we fix ^ = 9 (equivalently 
K\ = 9), we deduce that X is smoothable, since an elliptic cone of degree 



9 is smoothable by Lemma 7.6 
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Construction 16.2. We generalise Construction 16.1. Let C and C/T be as 
above. Let £ be a sheaf on C which is invertible in codimension 1 and 5*2. 
Locally at a node P € C, we have 

(C C C) - ((t = 0) C {{xy = f) C Kly^t)) - {{uv = 0) C -1))- 

Write C — > C for the local universal cover A^^ ^ A^„/i(l,— 1). Then 
locally C = {Oc')a, where the subscript a is used to denote the eigensubsheaf 
where a generator G //^ acts as C"". In particular, invertible locally. 

Assume that £. is relatively ample, write Ui = C ■ Ci Q>o- Define 

;e = Proj^(e„>o5W(Oce£^)), 

where we write S'"] for the double dual of the nth symmetric power of a 
sheaf. Where C is invertible, X/C is a P^-bundle and thus easily understood. 
Let P G C be a node where C is not invertible. Locally at P € C, with 
notation as above, we have 

(Bn>oS^''HOc(BC'')^k[u,v,W,zr^ 

where u, v, W and Z have weights 1, —1, and a with respect to the 
action, and W and Z have weight 1 with respect to the grading of the ring. 
So, locally over P £ C, we have two affine pieces of X as follows: 

(X C i") = {{uv = 0) C -1, -a)), 

{XCX)^ {{uv = 0) C A3 /1(1, -1, a)) 

' ' r 

where w = ^ and z = Let (a, r) = h, write a = ha', r = hr' . Then 
the surface X has singularities {xy = 0) C p-(l,— 1,— a') and {xy = 0) C 
p-(l,— l,a'), and the 3-fold X has a ^(1,-1) x A^ singularity generically 
along the double curve. 

We can now give a global description of X C ^. The surface X has com- 
ponents (Xj, Aj) which are fibred over the components Cj of C. The fibres 
of Xi/Ci are smooth rational curves (when given their reduced structure). 
The double curve Aj is the sum of the (reduced) fibres of Xi/Ci over the 
nodes of C on Cj. Let P be a node of C on Cj where C is not invertible. 
With notation as above, the fibre of Xi/Ci over P has multiplicity r', and 
(Xj,Aj) has singularities (p-(l,a'),A) and (p-(l, — a'). A) at the fibre. The 
bundle Xi/d has a negative section of self- intersection —Ui G Q. We obtain 
X by glueing the components Xi along the fibres over the nodes of C. The 
singularities of type (^(1, a). A) on the components glue to give singularities 
of type {xy = 0) C ^(1, — l,a) on X, elsewhere X is normal crossing. The 
negative sections of Xi/Ci glue to give a section of X/C. The family X /T 
is a Q-Gorenstein smoothing of X, with generic fibre a ruled surface over 
an elliptic curve of degree ^ Ui. 
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We now contract the negative sections. We obtain a Q-Gorenstein family 
X jT with special fibre X an sic del Pezzo surface of type C and generic 
fibre an elliptic cone of degree X^^i- Again, assuming K\ = ^Jij = 9, we 
deduce that X admits a Q-Gorenstein smoothing to P^. 



Proposition 16.3. Let X he a surface of type C. Assume that 

(1) X has sit singularities of types {xy = 0) C -(1, —l,a), (a,r) = 1. 

(2) Kj, = 9. 

(3) For every component {Y,C) of X, iY,C) is toric, i.e., Y is a toric 
surface and C is a sum of toric strata of codimension 1, and p(Y) = 1. 

Then X admits a Q-Gorenstein smoothing to P^. 



Remark 16.4. Note that conditions (1) and (2) are necessary. 

Proof. Let (Y, C) be a component of X. Then there is a unique toric blowup 
y — > y which blows up the node of C such that the strict transforms of the 
components of C give fibres of a fibration Y For, if Y is given by the 

fan defined by the vectors vq,vi,V2 € = M? , where vi and V2 correspond 
to the components of C, the map Y ^ Y corresponds to the subdivision of 
the fan obtained by adding the vector —vq. Write C for the strict transform 
of C. Glueing the (Y, C) together so that the negative sections form a cycle, 
we obtain a partial resolution X ^ X. We claim that, for a suitable choice 
oiC/T and C in Construction 16. 2| , we can recover X as the special fibre of 



X = Proj^(5M(Oc e C")). Hence we obtain a smoothing of X as above. 

To prove the claim, note that X is uniquely determined by the following 
data — the self-intersections — nj of the negative sections of the components 
Xi, and the {xy = 0) C ^(1,-1, a) singularities at the double curves. Let 
C/T be any smoothing of C. Possibly after base change, we can choose 
C locally at the nodes of C to obtain the required singularities (compare 
Construction 16.2). These local choices extend to a global sheaf C. We 



require that £ • Cj = nj in order to obtain the correct self-intersections of 
the negative sections — we can achieve this by twisting £ by a suitable line 
bundle. □ 



Example 16.5. Every candidate surface X for d = 6 (see 14.3.21) of type 
C with components of Picard number 1 does indeed occur in a stable pair 
{X,D) of degree 6. For, by Proposition 16.5 , X admits a Q-Gorenstein 
smoothing to P^. It only remains to show that there exists a divisor D on 
X such that {X, D) is a stable pair of degree 6. Equivalently, we require 
D € | — 2i^x| such that Kx + {k-^()D is sic for some e > 0. Let vr: X ^ Xhe 



the partial resolution as in the Proof of Proposition 16. 3| , and let p : X ^ C 
be the fibration. Let be a general double section of p which is disjoint 
from the negative section. Then D = vrj^Z) has the required properties. Note 



that smoothability of the pair {X,D) follows by Theorem 11.9 
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In particular, we obtain an example of a stable pair (X, D) of degree 6 
such that the surface X has 18 components. We construct X by glueing 
18 components {Y,C) = {¥{1,1,2), H+ ~ 2H) together to form a surface 
of type C. At the degenerate cusp all the components of X are smooth, 
and X has 9 sit singularities of type {xy = 0) C ^(1,1,1). We note that 
18 is the maximum number of components of a surface X occurring in a 
stable pair of degree 6. For, by Lemma |15.4| we have 2Kx Cartier, thus 
for each component {Y,C) of X we have {Ky + C)^ € ^Z, in particular 
{Ky + C)2 > i. Since j^i^y + Cf = K\ = 9, there are at most 18 
components as required. 



Example 16.6. The deformation space Def X of an elliptic cone X of de- 
gree 9 consists of 9 smooth 1-dimensional components, together with an 
embedded component at the origin. The components of (Def X)^^^^ meet as 
transversely as possible, i.e., (Def X)i.cd is isomorphic to the collection of 
coordinate axes in (0 € C^). Each component corresponds to a smoothing 
of X to as constructed in Lemma ^^q. Write E for the section of X. 
There is an action of the 9-torsion of Pic E on (Def X)^^^ which permutes 
the components transitively, the 3-torsion elements induce automorphisms 



of each component. For details see |Ste|, p. 220, Example 4.5 



Now, we can add a divisor D on X such that {X, D) is a stable pair of 
degree d, for any d such that 3 | d. We describe the singularities of M.d at the 
point [{X, D)]. By Theorem 11.9, Md is smooth over the closed subscheme of 
Def X corresponding to Q-Gorenstein smoothable deformations. First, since 
Kx is Cartier, every deformation is Q-Gorenstein. Second, the smoothable 
deformations correspond (by definition) to the scheme theoretic closure in 
Def X of the locus where the geometric fibres are isomorphic to . In our 
case this is exactly (Def X)i.ed by the explicit description above. Thus M.d 
is smooth over (Def X)red- In particular, is not smooth at [{X,D)]. 



Example 16.7. We define an sic del Pezzo surface X of type C as follows: 
The normalisation {X^,/Sy) has two components (Xi, Ai) = (F4,^ + B) 
and (X2, A2) — (Fi,^ + B), where we write A for the fibre and B for 
the negative section of a rational ruled surface F„. Xi is glued to X2 by 
identifying the negative section of F4 with a fibre of Fi and vice versa. Thus 
X has a degenerate cusp, we remark that locally analytically at this point 
we have 

X ^ {{xy - z)z = 0) C kl^y^,. 

We claim that X smoothes to P^. We construct an explicit smoothing as 
follows: Let T be the spectrum of a DVR, let y = V\. Let jT denote the 
blowup oi y /T with centre a smooth conic Q in the special fibre y = P^. 
Then the special fibre consists of the strict transform Y' = P^ of y 
together with the exceptional divisor E = ¥i, glued along the conic Q and 
the negative section B. Let y'^ /T denote the blowup of y^ jT with centre a 
fibre A of E. Then y^ = y + E' + F, where Y" ^ BIP^ ^ Fi, F' ^ F4, and 
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F = Fi is the exceptional divisor, glued to the fibre A of E' along its negative 
section, and glued to the — 1-curve of Y" along a fibre. We calculate that 
—Ky2 is ample on E' and F, and defines the fibering contraction Fi — > 
of Y" = Fi. Thus some multiple of —Ky2 defines a divisorial contraction 
^y/T which contracts Y" ^ Fi to a curve. We observe that the special 
fibre Y is our surface X, so y/T is a smoothing of X as required. 

We next construct a partial smoothing of X to a rigid normal crossing 
surface. We consider the components of X separately. First, the component 
{Xi,Ai) = (¥4, A + B) has a deformation {Xi,Ci)/T with generic fibre 
(¥2,B). The family Xi/T can be obtained as a deformation of scrolls in 
some P^. Second, the component (X2, A2) = {¥1, A + B) has a deformation 
(^2)C2)/r with generic fibre (Fi,C), where C ^ A + B is a, section of Fi 
disjoint from B. Here X2/T is the trivial deformation. Then, possibly after 
base change, we can glue Xi/T and X2/T along Ci/T and C2/T to obtain 
a partial smoothing X /T of X. The generic fibre is the normal crossing 
surface Z obtained by glueing (F2,-B) and (Fi,C). The surface Z is rigid, 
in particular it is not smoothable. To see this, note that, by Lemma 12.3, 
we have = C'pi(— 1). So H^{T^) = 0, thus all deformations of Z are 
locally trivial. It is easy to see that Z has no locally trivial deformations 
(by considering the components separately), hence Z is rigid as claimed. 

We can add a divisor D such that {X, D) is a stable pair of degree d, for 
any d such that 3 | d. Then, working locally at [(X, D)] G A4^, the stack 
Md is smooth over the closed subscheme Def X of Def X corresponding 
to smoothable deformations. We want to emphasise that, set-theoretically, 
Def X is strictly smaller than DefX. For, by our construction above, 
there exists an irreducible component of Def X whose generic point corre- 
sponds to a surface Z that is not smoothable. Thus this component is not 
contained in Def™ X. In particular, we see that the relative smoothability 
condition ( p. 16 ) for M.^ is necessary. For, let {X^T))/T be a deformation of 
(X, D) over the spectrum of a complete DVR such that X /T has generic fibre 
Z. Write M'^ for the groupoid obtained by dropping the relative smootha- 
bility assumption in the definition of M.^- Then [X^'D)/T ^ Al^(T) (since 
the generic fibre is not smoothable), but {X,T)) A € ^A'^{A) for any 
Artinian thickening A of G T. It follows that there does not exist a versal 
deformation {X'',V^)/U £ M'^{U) of {X,D), thus M'^ is not an algebraic 
stack. 



References 

[Al] V. Alexeev, Moduli spaces Mg^n{W) for surfaces, in Higher dimensional complex 

varieties, Trento, 1994, 1-22. 
[Arl] M. Artin, Versal deformations and algebraic stacks, Invent. Math. 27 (1974), 165- 

189. 

[Ar2] M. Artin, Deformations of singularities, Tata Lecture Notes 54 (1976). 
[DM] P. Deligne and D. Mumford, The irreducibility of the space of curves of given genus, 
Publ. Math. IHES 36 (1969), 75-110. 

75 



[EGA] A. Grothendieck, Elements de geometrie algebrique, I-IV, Publ. Math. IHES, 1960- 
67. 

[GH] P. Griffiths and J. Harris, Principles of algebraic geometry, Wiley, 1978. 

[Gr] A. Grothendieck, Techniques de descente et theoremes d'existence en geometrie 

algebrique, IV, Sem. Bourbaki 221, 1960-61. 
[Har] R. Hartshorne, Algebraic Geometry, Springer, 1977. 

[Has] B. Hassctt, Stable log surfaces and limits of quartic plane curves, Manuscripta Math. 

100 (1999), 469-497. 

[li] S. litaka, Algebraic Geometry. An introduction to birational geometry of algebraic 

varieties, GTM 76, Springer, 1982. 
[Kol] ,J. KoUar, Push forward and base change for open immersions. Preprint from Utah 

Summer Workshop on Moduli of Surfaces, 1994. 
[Ko2] J. Kollar, Flips, Flops, Minimal models, etc., Surveys in Differential Geometry 1 

(1991), 113-199. 

[Ko3] J. Kollar, Polynomials with integral coefficients equivalent to a given polynomial. 
Electronic Research Announcements of the AMS 3, 17-27 (1997). 

[Ko4] J. Kollar, Rational Curves on Algebraic Varieties, Springer, 1999. 

[Ko5] J. Kollar, Toward moduli of singular varieties, Comp. Math. 56 (1985), 369-398. 

[Ko6] J. Kollar, Projectivity of complete moduli, J. Diff. Geom. 32 (1990), 235-268. 

[KM] J. Kollar and S. Mori, Birational geometry of algebraic varieties, CUP, 1998. 

[KSB] J. Kollar and N. Shepherd-Barron, Threefolds and deformations of surface singu- 
larities. Invent. Math. 91 (1988), 299-338. 

[LS] S. Lichtenbaum and M. Schlessinger, The cotangent complex of a morphism, Trans. 
Amer. Math. Soc. 128 (1967), 41-70. 

[Ma] M. Manetti, Normal degenerations of the complex projective plane, J. reine. angew. 
Math 419 (1991), 89-118. 

[Mat] H. Matsumura, Commutative Ring theory, CUP, 1986. 

[Mu] D. Mumford, Lectures on Curves on an Algebraic Surface, Princeton, 1966. 

[Re] M. Reid, Nonnormal del Pezzo Surfaces, Publ. RIMS, Kyoto Univ. 30 (1994), 695- 
727. 

[Sch] M. Schlessinger, Functors of Artin Rings, Trans. A.M.S. 130 (1968), 208-222. 
[Stl] J. Steenbrink, Mixed Hodge Structure on the vanishing cohomology, in Real and 

Complex Singularities, Oslo 1976. 
[St2] J. Steenbrink, Mixed Hodge Structure associated with isolated singularities, Proc. 

Symp. Pure Math. 40, Part 2 (1983), 513-536. 
[Ste] J. Stevens, Degenerations of elliptic curves and equations for cusp singularities, 

Math. Ann. 311 (1998), 199-222. 
[YPG] M. Reid, Young Person's guide to canonical singularities, Proc. Symp. Pure Math. 

46, Part 1 (1987), 345-414. 



76 



